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Axazemux A.I1.KoiMOropos BHUICTHI CHEAYIOUIHE HETHIPE OCHOBHBIX
TIEPHO/IA B MCTOPHH PASBHTHA HAYKH.

TlepBbili — NEPHOA 3aPOKICHHA MATEMATHKH, HAuuHaeTCA C rIyGoxoi
JipeBHOCTH M npoacwkaetcs A0 VI-V B.B. 20 Hawedt apsl. B stom nepHoae co3-
naeTcs apuQMETHKA, & TAKKE 3a9aTKH FEOMETPHH.

Bropoit — nepHoA 3MeMEHTApHOH MAaTEMAaTHKH, TO €CTh MATEMAaTHKH Mo-
croasubiX BeawunH (VI-V B.8. 10 1. 3. — XVII B K. 3.).

TpeTHil — NEPHON CO3NAHUA MATEMATHKH NepemenHsix BestnunH (XVII B. —
cepenuna XIX B.).

YeTsepThiil — NepHO/ COBPEMEHHOMN MaTEMaTHKH: TeOpHA AreGpanieckHX
CTPYKTYp H reoMetpun JloGauenckoro.

Mocnennye NoABeKa OTAMHAIOTCA WHPOKHM WCTIONBIOBAHHEM METONOB
MaTeMaTHYeCKQro Monenuposanus ¥ BM, KOTOpsle NPHMEHSIOT B TPAIHUH-
OHHBIX HAYKaX, B TOM WHCIe MeXaHHKe, GHONOrHH, JKOHOMMKE ¥ Ap. Marema-
THYECKHE METO/Ibl HEOGXO/IHMBI TAKKE B PELICHHH KOHKPETHBIX 3a/1a4, KOTOpLIe
BCTPEYAlOTCA B EKENHEBHON MNEATENBHOCTH TEXHHYECKHX CrEUHANbHOCTEH,
TEXHOJIOTOB Ce/IBCKOXO03AHCTBEHHOTO NPOH3BOACTBA (ArPOHOMMH, 300TEXHHH,
MexaHm3auuy, AnexTpuuKaian). YyebHans AHCUANIHHA «MaTeMaTHKa» SBIA-
eTCs ecTecTBeHHOHay HOM, (opMHpyiomel 6asoBsie 3HaHNS UIA OCBOCHHA 06-
1WeNPOPECCHORANBHBIX H CTICLHANLHBIX JHCUMIUIME. M3yuenHe MareMaTuky
JUIA COBPEMEHHOIO CTICHHANHCTA CNIOCOGCTBYET (FOPMHPOBAHHIO COBPEMEHHOTO
HAYHHOTO MBIIICHNA, 0GOrALICHHIO KyIbTYPhl TPYAA ¥ NPHOGIIEHHIO K BLIHC-
JIMTENILHON TEXHHMKE, TEXHHYECKHM CpEACTBaM, Ge3 HCTONB30BAHHA KOTOPBIX
TPYA CACUMATHCTE HEMBICIHM B HALIH JHH.

MATEMATHYECKHIA AHAJIA3

L1 inddepesunansnoe 1 HHTErPATLHOE HCUHCTEHNE

CTyneHT A0JKeH 3HATD: NEPBLIH W BTOPO#H 3aMedaTe/bHbe NMPEeACHsl; Orl-
pefiesieHHe NPOH3BONHON, e TeOMEeTPHHECKHI CMBICH; Tabnuiy MPOH3BOMHBIX;
GOpMyIibi MPOH3BOMHEIX CYMMBI, IPOH3BE/ICHHA, HACTHOTO; OCHOBHBIE METOM
WHTErpHpOBaHHs; TaGmuuy npocTeMmMX HHTErpanos, Gopmyny HeioTona-
Jlelibrnua; onpenenenne HacTHOH NMPOM3BOAHOMN; CBOHCTBA OnpeieNeHHOrO H
HEONPE/ENEHHOrO HHTETPANIOB.

CTYACHT 0/IKeH YMETh: BHMHCIATE NPOH3BOAHBIE (yHKUNH NPH JAHHOM
IHAYCHHH APryMEHTa; HCCNeNoBaTh (YHKUMHM C TOMOMBIO MPOH3BOAHOH H
CTPOMTH TPaHKK; HHTErpHPOBaTh NPOCTEHIIHE ONpEACHEHHbIC HHTErpANL;
BHMHCIATS MUIOWANH NIOCKHX (HIYP; HAXOAHTH HaCTHbIE NPOH3BOAHMIE Pas-
JHYHBIX TOPANIKOB.

TNpaxkTuyeckne 3ausTHS. Bruncienne npenenos GyHKumi ¢ HCOONLIO-
BAHHEM TICPBOTO M BTOPOTO 3AMEYATENbHOrO npenenos. Mccnenosanue Gynx-
wiit Ha HenpepriBHOCTH. HaxoxzeHne NPOMIBOAHKX 1O anroput™y. Brrucie-
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HHe NPOM3BOAHON CloKHbIX (yHkumA. Murerpuposanie npoctefmmx dynk-
umil. Beraucnenue npocteifmux onpeneneHHux wmTerpanos. Pemenne npu-
KIANHBIX 3a1a4. Haxok/eH e YaCTHBIX NPOH3BO/HBIX.

Jiutepatypa: JI-1, c. 69..209; JI-2, c. 150...236; JI-4, c. 172...180; JI-6,
¢.25...156; J1-7, c. 36...116.

MeToauvueckne ykasanus

O3HAKOMBTECh C OCHOBHBIMH TOHATHAMH TeOpiH IHPDEepeHIHanLHOro I
HHTErpanbHOrO HCYHCICHHA, H3yTHTE NpaBiia i Gopmynsl mHGepermHansHO-
TO M MHTETPATBHOIO HCHHCACHNS, Pa3GepHTE NPHMEPL! HAXOXICHHA NIPOH3BON-
HBIX W WHTErpajoB, alrOpHTM HCCACA0BAHHA (YHKUMH W pacveta dopmysisl
HuioTona-JIeHiGRHLA, BRINONHHTE KOHTPOJIbHBIE 3ANAHHA.

Tepemennas u nocronnnas peaninnbl. Oynkuns

Hepemennan — 310 BejurHHA, KOTOPas B YCHOBMAX AHHOTO Mmpolecca
MOKET IPHHHMATS PA3/HIHKIE JHAUCHHA.
ITocmosnnas — 370 BEMYMHA, KOTOPas B YCIOBHAX AAHHOTO npolecca
COXPaHAET O/HO M TO JKe IHAYCHHE.
Tepemennsie Bennibl 0GkHO 0603HAUAOTCS NOCTeAHMMH GyKBamu na-
THHCKOTO andasuTa (X, y, Z 4, ...), 3 NOCTOAHHEIE — nepBbiMi (4, b, ¢, d, ...).
BenuunHa y HaskiBacTCA @hynKyued NepeMeHHON BEITHIMHBI X, ECHH KaX-
JZIOMy 3 TeX 3HaUeHHH, KOTOPBIE MOKET NIPHHHMATS X, COOTBETCTBYET O/IHO HilH
HECKOMILKO ONpEAeeHHLIX 3HaueHiH . Beuunua y 3aBHCHT OT BeIMTHHBI X,
COOTBETCTBEHHO, BE/INYHHA X HASLIBACTCH HEIUGUCUMON MepeMennoil win ap-
2YMenmoM, y — 3auCUMan nepemennan, win @yuxyus. Jina o6osnauenus
ynxunit nenonsayiores Gykesi f; g, h u ap. Hanpumep: y = fix); v = F(x).
CoBOKYNHOCTS BCEX 3HaueHl, KOTOpLIe MOXET NMPUHMMATSH (B YCIOBHAX
JIRHHOTO NpOHecca) aprymMenT x Gyukuny fx), nasbiBaeTcs ofaacmuio onpede-
nenun 31oif GyHKumn.
Mpenen gynxunn. [Tycts nana dynxums y = f(x).
TocTosnuoe 4HcA0 A HasbisaeTcs npedeaom dynkuun y = fix) B TOuKE
X = @, eC/H 1A BCEX X, CKOJBKO YrOZHO MANIO OTIMYAIOUMXCA OT 4, TO eCcTh
(Ix = a|<J), 3navenne GyHKUHH Y CKONBKO YrOJHO MANIO OTIHYAETCH OT YHCAA
A, 10 ecth (ly — A|<g). To ecTh, eciin npH x — @, BHINONAACTCS yCnoBye y — A.
Teopemsi 0 npeaenax
1. Lim(x+y) = Limx xLimy
Tlpeiesi CyMMB! HiIH PA3HOCTH PaBeH CyMMe HIH PA3HOCTH NPS/ieos.
2. Lim(x-y)=Limx-Limy
Tpesien NPOM3BEACHNA PABEH MPOHIBENCHHIO MPEAENOB.
3. Lim(x/y) = Limx/Limy
Tlpenesi OTHOWIEHHS PABEH OTHOLWICHHIO NIPE/CIOB,
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CaoficTsa npexesios

1. Lim A = A, ecau A = const.
Tipenien NoCTOHKOM pasei ITOM NOCTOAHHOM.

2. Limc-y=c-Limy, ecnuc= const.
TTOCTORHHYIO MOKHO BHIHECTH 3a JHAK Npe/ea.
TonnTre Geckoneuno Manok n Geckoneuno 60bwoNH BeAHYHABI

Ecan npesen Qynxunn pasen Hymo (Lim y = 0), To oxa HaswiBaetcs fec-
Koneuno manoi eeauvunoil. CHefoBaTeIbHO, BLINONHACTCA PABEHCTBO
Lim i =0.
o

Ecnu npenen dynkiyn pasen GecKOHEWHOCTH (Lim y = @), TO €CTh Be-
Jumne, 06paTHON K GeCKOHETHO Maniof BeHYMHE, TO OHA HAILIBALTCH BecKo-

Heuno Bonbuioi eenuuunoil. BHNONHACTCA PaBEHCTBO: Lim Z =m.

3ameuareibHbie npeaeast

Tlepauiii 3amevaTensubifi npeae
Tpenen orHowekns sin GeckoneuHo Manoif BenHIHHE! K camoli 3ToH BesH-
“kHe paseH . Lim 22X - 3
x50
Caoitcrsa:
1" g SR G 2. Lim %%
x=0 bx b

x50 sinbx b’
Bropoii 3ameuaTeanusiil npeaen
1
i e s im(1+L )% =
Lim(I+x)¥=e ; ,‘:‘.’!’.”‘*x’x“'

TA€ € — YHCI0 HPPALMOHANBHOE, PABHACTCA NPHOIHIUTELHO 2,71828.
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MeToaul HAXOXKICHHA Npeiesios hyHRKUHU

1. [lpoctas NOACTaHOBKA 3HaueHus aprymenta. (cM. npumepwi 1-3). Ecn

oo

0
NpH NpocTO# NOACTAHOBKE NOMYHAKTCA HEONPEAENEHHOCTH THIIA — WIK —,
0 oo

TO HCNOAL3YIOTCS CNocodsl 2 1 3.

2. UucauTeis M 3HAMEHATENIh NEATCA HA X ¢ HAUGONBIIMM NokasaTeneM cTe-
e {cM. nipHMep 4).

3. Jipo6b pacKnammbiBacTca HA MHOXKTENH, COTMAcCHO NPaBWIaM COKpallleH-
HOO YMHOXEHHA (CM. TIpsMep 5).

4. Vicnonk3yloTcA 3aMedaTenbibe Npeaensl (M. npyuMepst 6 u 7).

Tipusepnt: 1. Lim (x3—12+1)=—1—l+1=——1;
=}
2 Lim—i— 323,
=32x-6 2-3-6 0
3 2.2 2.y
x—>“3x 6 3--6
2_ —_
4. Liml—oi—x—6~=Lim
s 3x-x?  xoe 3,
x

i 2_7x+10 Lim(x-5)(x—2)=i=_

5 H
1—'51 —Ox+20 x-3(x=5)x-4) -1
. sin3x
6. Lim sindx _ Lim 5
x50 sin5x  x-0 Sin5x 5
E3
3 13

E
5 —p5

- Lim (144 % =(Lim (1+4x)%* )5 =¢7 ;
x50 x=0

~

Tpoussonnas Ppynxunn. Kawa Gynkuns y = f (x). Ilycts x; W x; — iBa
IHAMEHNHSN APTYMEHTR, y; =f (X1} W y; = f(x;} ~ COOTBETCTBYIOIE 3HAUCHNA
ymeawm y = f ().
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PasHocTs Ax = X; — X; HAIBLIBACTCA NPUPAU(EHUEM ap2yMenma, a pas-
HOCTh Ay =y~ y;= f (x2) — (x;) npupausenuem ynxuuu ua orpeske [x;, x3].
Ecamy +Ay = f (x +4x),710 Ay = f(x +Ax) —y; Ay = f(x +Ax) - f (x),
&y f(x+ax)-f(x)
Ax Ax
Ilpouzeoonoi gyukuuu y = f (x) no nepemesHof X Ha3bIBAETCH Npeaen

OTHOWICHHS NPUpPALICHUA (YHKLMM ¥ K NPHPALICHIO apryMeHTa X, Kora Ax
CTPEMHTCA K HY/IIO

Toraa

g By v f(x+Ax)=Ff(x)
o Al;‘-':'o Ax Al}‘—% Ax L
Iponiece HAXOKAEHHS NMPOH3BOAHOR QyHKIHH HA3BIBACTCA OudPepeniu-

posanuem.

Bmopoii npouzeodnoii ghynxyuu y = f(x), Win NpoHIBOAHON BTOPOTO No-
PAIKa, HA3LIBACTCA MPOH3BOMHAS OT ee Npon3BoaHOi. OGo3Havenwe y" win f”
x): y" = (f(x)"

Teomempuveckuii cxvic npoussoonoii. Nponssonnas dyuxumn f (x) B
TOYKE X = @ pasha Yriosomy kod(duumenty kacarensHol, nposeseHHOH K
rpadmky naHHo# QyHKumH B ero Touke ¢ abeumccoli x = @, To ecth ¥’ = 1g L,
rae £ — yron HaKioHa KacatensHOM k oci abcumcc. YpasHeHue KacatensHo#
nmeet B Y — y(x) =y’ (x—a).

HAupdepenyuan  @ynkyuu. W3 onpenenenus NpOMIBOAHOR HMeeM
Y'= Lim 2 , TOr/1a BeM4HHA ﬂ —y' ecs Geckoneuno Manas npu Ax— 0.

Av—0 Ax Ax

Mo, 40 T0 e camoe:

ﬂ-f’(x):dmx;.
Ax

rae d( Ax)—0 npu Ax—0, Torma Ay = f( x )Ax+d( Ax )&.

Augpepenyuanom gynxyuu y = fix) B TOUKE X HAILIBACTCH IABHAA
uacts f*(x) Ax npupamerna GyHKUHE Ay, MMHEHHO 3ABHCAILAN OT NPHPALICHUA
aprymenta Ax. Jlupdepenunan 0603ra4aeTca CHMBONOM dy.

Haxoknenne auddepennmana Gpyskund Hasbisaercs Ouddepenuuposa-
HueM, TAKKE Kak H HAXOKACHHE MPOH3BOAHOH.
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Hpouseodnan croxcnoii ynxius. OyHKIHA HAIBIBACTCA CAOICHOT, ECITH
ee aprymeHToM sBaserca apyras ¢ynkuma. ITycts y = f{u), rae u — dynkums
ot x: u = g(x), 0 y = fig(x)) cnoxuan ynxus. [pomsonnas cnoxuol yHk-
L ONPEAEIACTCA 110 OpMYIIE V= ' U
Hanpumep: y=(2x-4)°; y'=5(2x-4)"(2x-4)" =10(2x-4)".

@opmyast npouseoonsix. Jlanst Gynxunn u = u(x) u v = v(x), KoTopsie
HMEIOT NPOH3BO/HBIE B TOYKAX. 1A HHX CIIPABE/UTHBEI CIICAYIOUIHE (GOPMYIILI:

cymma: m+v)=u'+v',
PasHOCTB: (u—v)'=u"-v',
npoH3BeACHHE: (u-v)'=u'v+uw,
[u]’ wv—uw
4acTHoe: o Erganee =0
v v
Ta6anua NpoH3IBOAHBIX
1. (¢)'=0,c=const 9. (sinx)'=cosx
2. (cw)'=c-u' c=const 10. (cosx)'=-sinx
3 @)=n- 1. (gx)'=—%
cos“x
4. (x)=1 12. (cigx)'=- —
sin® x
A
5. (a)=a"b 13. (arcsinx)'=
¢ g =
. 1
6. (£)=¢ 14. (arccosx)'=— -
I=x
i Vi
7. (Lnx)'= = 15. (arcigx)'= T
LA ;
8. (Log,x)'= WiTs 16. (arccigx)'=— e

3axauwne. Haitri npom3sossie GyHKUuH.

TMpumepei:
Ly=3¥-20+¢&;

V= (3 -20 + &) = (3= 2"+ (&) = 3 In3 ~ 10"
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2 y=2-¥
y’=(2" )= (2 e 2 ) =22 P e 3= 2 P (k24 3)
X
3.y=
Y I+x
(=) ) an-xtes) _ 25 4x)-x
v (1+xf (7+xf

_ *(2+2x— x) x!2+x)
Texy Gy

4 y=4x'-3sinx +5cigx

5
V=4 -3sinx +5cigx)=4-5x*-3-cosx- =
8 inZ
sin’ x

=20x* -3 cosx - —
sin” x
5. y=(-xy

Y= (=) =30 -xF (A=) =3 (1 X - (~x) =126 -}
6 y=~Nl+
2 ’ 1
y/=[(1+x:) ] Lr0) 2 ) =gxz(,+x:)—z=ﬁ+%

3ananue. Haii npousBomsbie GyHKIMI TIPK JAHHOM SHAYCHHHI APTYMEHTS.
Hpumepst:

Ly=2'-5¢+4 Y2
V=232 5 26 =62 j0x; y(2)=6-2~10-2=6-4-20=4

2. y—2»e"+3~casx, P (V]
V' =2-¢" + 3(-sinx) = 2¢" = 3 sinx; y(0) =2 ¢° -3 sin 0 = 21-3-0=2
X’
3.y= 5 —xr YO,y 1),y )

y’=§x)~2x+l=xz—2x+l
PO =CP-2-0+1=L y()=1-21+1=0 Yl =CIP-2-1)+1=4
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Hceneaosanue ynkunii ¢ IOMOMBLIO NPONIBOAHLIX
DyHkuma y = f (x) HasLIBACTCH HENPEPHIGHON TDH JAHHOM 3HANCHHM X,
€CIIH OHA ONpeliesieHa B HEKOTOPOH OKPECTHOCTH ITOH TOUKH M ecin Geckoreu-
HO MaJIOMy NPHPALICHHIO X COOTBETCTRYET GECKOHCYHO MANOE TPHPAIIeHNE V,
TO ecTh,

Alﬂ.x_r:noAy=0.

@ynkuns y = f (x) Monomonno sospacmaem, ecn GonblueMy SHAYCHHIO
apryMeHTa x cooTBeTcTByeT Gonbuiee 3Hauenue ¢pyuxunn f (x). Yeiosue Bo3-
pacranus (yHkipn Ha waTepsane [a, b]: y'>0.

@yukuns y = f (x) Monomonuo y6sieaem, eciiv GobIIEMY 3HAYCHHIO ap-
TYMEHTA X COOTBETCTBYeT MeHbiliee 3hatienne QyHKumM. Yciosue yObipanus
ynxunm Ha uarepsaze [a, b): y'<0.

Dynkunt y = f (x) HMECT MAKCUMYM (MUHEMYM) IDH X = @, €CITH (PH
BCeX X, JOCTATOYHO GNHIKHX K @, BHITIO/IHAETCS HEPABEHCTBO:

f(a)> f(x) —makcamym
f(a) < f(x) —mummmym

TMpusnaxu maxcumyma:

L f'(a)=0;

2. f'(x) npu nepexone apryMeHTa Yepes X = a MEHSET 3HAK C IUOCa Ha
MuHYc (¢ Bo3pacTanns Ha yGbisanue).

TpusnaKu Munumyma:

L. f(a)=0;

2. f'(x) npu nepexoie apryMeHTa Hepes x = a MEHAET 3HAK ¢ MUHYCa
Ha nmoc (¢ yOsiBanus Ha npubasienue).

ToBopat, uT0 DyHKIMA MMEET IKCMpeMyM B HEKOTOPOH Touke X = 4,
€C/TH OHA MMEET B ITOM TOUKE MAKCHMYM I MHHHMYM.

ToukH, B KOTOPEIX QYHKUMA f (X) AOCTHIAET IKCTPEMYMa, HAILIBAIOTCA
Kpumuueckumu moyxamu I pooa.

Dyukuna f (x) ABAACTCA 6bIMYKAOH (802HYMOI) B TOUKH @, €CIIH TIPH
MPOBENCHHA KACcATENLHOMN B TOUKE @ K KPHBOI, COOTBETCTBYIOUICH DYHKUMH
f (x), Bce TOUKM KpHBO#H, CMEXHBIE C TOUKOH KACAHHA @ W Nexallue no obe
CTOPOHBI OT TOYKH @, PACTIONATAIOTCA HiDKe (BblIIE) KacaTeNbHO.

HMpusnax ssinysaocmu: f'(x) < 0.

MTpusnax soznymocmu: f'(x) > 0.

To4Kka @ HAILIBACTCA MOYKOW Nepezuba, eCIN OHA ABNACTCA rpaHMuCH
MEXIy BHITYKIOCTbIO H BOTHYTOCTBIO (hyHKUHH.

Hpusnaxu mouxu nepezuba:

f"(a) = 0;
f* (x) npu nepexode uepes x = a mensem 3Hax.
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Touks, B KOTOPHX f(x}) = O (WM GeCKOHETHOCTH, MAH HE CYMIECTBYET),
HA3LIBAKTCS KPUMUECKUMI IMONKaMU 2 poda,

Ecny npy nepexozie Yepe3 KpHTHYECKYIO TOUKY 2 Pofa f( x) MEHSAET 3HAK,
10 x = xo — abcucea Toukn nepernGa.

Nipumep. Hcenenosats dynkumo y = Ix° —x* 1 noctpours rpaduk.
Pewsenne:
1. O6nacTs onpesieneHna GYHKUHH — MHOXKECTBO AeHCTBHTEILHBIX YHCEL
2. Haxonum ToUKH nepeceueHM rpagyka ¢ oCIMH KOOPIHHAT:
OX:y =3~ x*=x(3-%) = 0; x,=3, x, =0
OV: x=0; y=0.
3. Onpenensem suak gywxun y = 3x° — x* B uuteppanax och OX

X [—0;0] [ [0:31 3 [3;+ 0]
v - 0 + o -

4. Heenenyem dyHKIMIO Ha MOHOTOHHOCTE M 3KCTPEMYM.
Y =924 = xH9-dx) = 0; y' =0:x,=0x;,= 2,25

X [~ ;0] 0 10;2,25) 2,25 [2,25; + ]

y + 0 + 0 —
/ HeT

v IKCTPEMYMa /' max \A

Y 8,54

Mpu x = 2,25 HMEEM Vo = ¥(2,25) = 8,54.

5. Hccnenyem dyHKIMIO Ha BHIRYKIOCTb H BOTHYTOCTL
Y= 18- 125" = 6x(3-2%) = 0; y" =0, %,=0 x,= 1,5

X [—0; 0] [ 0: 1,5) 1.5 [1,5; + ]
y - 4 + 0 -
A TOuKA v TOuKE n
neperua nepernta
0 5,0625

‘Touxu neperuta (0; 0); (1,5; 5,0625)
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6. Haxoum 0MONHHTENLHEIE TOUKH, TIPOH3BOIBHO 3a/1a8 3HAYCHNE X:
x=liy=2 x=-]; y=—4
7. MocTpoum rpadmx dyrkimm:
y
T
24
74

Heonpeaenenuniii nurerpan

Jinddepenunpyemas pynkuns F (x), a<x<b wuaswisaetcs nepeoobpasnoi
s pynkumn f (x) Ha ueTepBane a<x<b, ecin Fx) = [ (X) ana kaxzgoro
a<x<b.

Tak, ans Qyukuns f (x) = cosx nepsooGpasHoi crykuT QyHKuIA
F(x) = sinx, nockoneky (sinx)'= cosx.

Jlna 3ananHof (yHKUMH ee nepBoobpasHAn ONPEACNSETCs HEOAHO3HAYHO.
Ecmn F(x)- nepsoodpassas juii / (x) Ha HEKOTOPOM NPOMEXKYTKE, TO M (yHK-
s F(x)+C, rae C — mobas NOCTOAHHASA, TAKKe RBIACTCH NepsoobpasHoi s
Gynxunn f{x) na rom npomexyrke. O6paTHo! Kaknas GyHKUNS, ABAROLAACK
nepBooGpasHoil uIA £ (x) B 1AHHOM NPOMEKYTKe, MOKeT GbiTh 3anHcana B Bie
Fx)+ C.

CosokynocTs F(x) + C BeeX nepsooGpasubix $pyHKuwiH fix) Ha uaTep-
Bane a<x<b HAILIBAIOT HeonmpedeAeHHLM unmezpaiom of dynkuun fix) wa
oM ueTepsane u muwyT [fix)dx = F (x) + C. 3necs fix)dx — nomsisrerpans-
HOE BHIPAKEHHE; f(x)— NONBIHTErpaNbHAS QYHKUNS; X —~ MEPEMEHHAR HHTEIPH-
posatus; C — NPOH3BONBHAS OCTONHHAR.

Hnnpuuepzf d; =t1gx+C,TaKKak (1gx + C)' = ]z <
cos” x cos” x
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Ecnu ¢yHkuis  f (x) HMEET Ha HEKOTOPOM NPOMEXYTKE XOTA 6l OnHY
NepBOOGPasHYIO, TO €€ HalbBAIOT HHMEZPUPYeMOl HA STOM TIDOMEXYTKe.
MoxHo nokasats, Yto A0Gas GyHKuUHS, HempepriBHAd Ha OTpeske @ < x < b,
HHTETPHPYEMa Ha 3TOM OTPE3Ke.

ChaolicTBa HEONPeALNEHHOMO HATErPATa
1. [peiIBolHas HEOUPEENCHHONO HHTETpana PaBHa NOMABIHTErPATLHOH dyHK-
unu; AnddeperLNan HEONPEAEICHHOTO HHTETPANA PaBeH HOABIHTErPATEHO-
MY BLIPAXKEHHIO!

(r@af=r) :  df fedae= £ xddx

2. Heonpenenerubiit nuterpan ot audihepeHunana GyHKLMM paBeH 3TOA GyHKUsH,
croxeHHol ¢ TPOIBONLHON TI0CTORKHOR, T0 ecth [dF (x) = F (x)+ C.

3, TIOCTORHHEIH  MHOXHTENb MOKHO BHIHOCHTh 33 3HAK HEONpeAeNieHHOro
HHTErpana: jaﬂx) dx = a [fix) dx

4. Heonpenenennuiil HuTErpan oT alreGpanyeckoli CyMmbl GyHKuul pabeH Ta-
Ko ke anreGpamueckoll CyMMe HEONpENENCHHBIX HHTETPaloB OT KaxIoi

Syhxm:
()2 Sl = £ (x)de 2 ()
OcHoBHBIE GOPMYIIbI HHTErPHPOBAHNSA
L Idx=x+C 7. fcosxdx=sinx+c
e x™ &
2. J‘x dx—(n+1)+C (n#-1) 8 Icoszx_tgx+c
- {dx d
3 [« dx_fT_thw 9. jsin?x- cg+C
4, Ie’dx:e"+6‘ 10. jﬁ%:arcsinxi-c
5. f,,*dx=l:a+c i, J.l+xz =arctgx+C

6. Isinxdx =—cosx+C
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Crioco6bs AHTErpHPOBRHHA
Tlof HenocpedcmeennsiM HHTCTPHDOBAHHEM TOHUMAKOT Takod cro-
€06 MHTETPHPOBAHMA, NPH KOTOPOM HAHHLIA HHTETPAT ITyTeM TOKIECTBORHEIX
npeoGpasosakuit noaxKTErpanbHOH GYHKUMH W NIPHMEHEHHA CBOHCTB Heonpe-
HENHHOTO HHTETPasa MPHBOIKTCA K ONHOMY MAH HECKONLKUM TaGlIHIHbIM HH-
‘TerpanaM.

Tpumep 1. Haifru unTerpan J‘g .
X

Pewenue:
741 - _ -
j“‘-af LI L T S0, M N NV et V3
=7+1 -6 6 X 2x°
dx
Tpumep 2. Hait wnterpan | ——=.
IZ»/J_C
Peuienye:
-1 3
: ic3 1x 2"
I dx =dx| x-x? :'I‘I%=_I" 2dp=— +C=
Zxe 2 3 2 2_24_1
x 2
1
Ix? -1
== +C=—+C
2_1 Jx
2

HuTerpHpoBanne MeToA0M NOACTAHOBKH

dx
Tpnmep 1. Hairrn unrerpan I—~
’\/ 5 —3x)z

Peurerue. TIpoussoM TOACTAHOBKY 5 ~ 3x = £, Torna —3dx = df, oTxyma
1

T
Tanee noyly-laem

I I 3dt__ I’ 3,,, 1 ,3.._+c =YreCc=-5-3x+C

3/(5 37
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Tpumep 2. Haltri wirerpan I(Z +cosxy sinxdx.

Pemenne. Cuauana nonoxuM 2 +cosx=1, Toraa —sinxdx=dt, oTxyna
sinxdx=~dt.
Jlanee nonydaem:

3
I(2+4:o.rx)2 .rinxd.r:jl2 -(-dl):—‘l‘lzdr=%+c=--;(2+cmx)’ +C.
TNpumep 3. Hatiru nrTerpan J’(cos%] dx.

Pewenne. [onoxnm §=t.mrm %dx=dl,unryndx=24:.

Janee nonyaaem:
X i . X
Ico.\'-—dx=jca:l-2dl = ZIca.ﬂ-dl= 2sint+C=2sin—+C.
2 2

HuTerpupoBanHe no YacTimM
O6mas GopMy/ia HHTErPHPOBAHHA 110 HACTAM HMEST BHA:

Iudv =uv —Ivdu »
TAC i H v — HEKOTOPbIE (YHKLHH OT X.
Tpumep. BoiaucauTs uuTerpan J xsinxdx.

Pemenne. O6o3naunm x = u; sin x dx = dv, naxomum du ¥ v

dn=dx:v=fsinxd.r=—ca:x, Haiinem

Ix.finxdx=-—xcasx¢jm:xdx=-—xcou +sinx + C.

TousTHE ONpEEeHHOr0 HHTErPAAa

Tycrs dynkuns f (x) onpesencna ka otpeske @ < x < 6. Jlonyerum, wis

MPOCTOTH, YTO (YHKUMA f (X) B YKA3aHHOM NPOMEKYTKE HEOTPHUATENLHA M

a<a. PasoGbeM 3T0T OTPE30K Ha n yacTel TOUKaMH @ = dp <X; <X3 ... <X, = 6.

Ha KaJOM M3 HaCTHYHBIX OTPE3KOB Xy < x < X; (i = 1, 2, 3....n) Bo3bMeM
TPOHIBOMLHYIO TOUKY C; it COCTABHM CYMMY:
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tie Ax; = X; —X;_j. DTa CYMMa HOCHT Ha3BaHMCE UHMEZPanbHOll CYMMB
@ynxyun f(x) na oTpeske asx<e.

Teomempusecku KIKI0E CIATAEMOE HHTETPALHOH CYMMBI PABHO IUIOLIA-
1M PAMOYTO/ILHHKA C OCHOBAHHEM Ax; n BbicoToli f (c)), @ BCA CymMMa paBHa
MIOMANH «CTYNeHYaTol GHrypby, nonyyaonieics 0GbeIMHEHHEM BCEX YKa-
JAHHBIX BHIILIE TIPAMOYTOIBHHKOB.

By/ieM yBeAHIHBATH YHCAO TOYEK pasGHerus Tax, 4TOOH! JUTHHA HAHOOL-
IEro #3 OTPE3KOB Xjj < X < X; CTPEMIIACH K HyJi0. BO MHOIUX CIy§asX npi
TakoM Pa3GHEHHA HHTErpaibHAd CymMMa GylieT CTPEMHTBCA K HEKOTOPOMY KO-
HEYHOMY Tpe/esTy, He 3aBHCSIIEMY HH OT cnoco6a, KakHM BHIGHPAIOTCA TOUKH
JZIeNeHus X;, Hi OT TOTO, KAK BHGHPAIOTCA NIPOMEKYTOUHBIE TOUKH Ci

Onpedenennsin uHMEZPaiom or Gynxmm f (x) Ha OTpeske asx<e
Ha3sWBAETCA TPEAEN, K KOTOPOMY CTPEMHTCA MHTETPANbHAA CYMMa HPH CTPEM-
JICHMH K HYJO JUTHHB HAHGONBIIETO SACTHYHONO HHTEpBana. O obo3HauaeTca

CHMBOJIOM If(x)dx i UHTAETCA (HETETAN OT @ 210 6 OT QyHKIH £ (x) 10 dx»

WK, KOpOYE, HHTErPas OT @ 10 6 oT f(x) dx».
5

Tlo onpeeNeHo, J.f{x)dl="‘i"_'asz‘71 Jx,; .
% 010

Yy @ HA3HIBACTCA HIDKHHM TIDEACNOM HWHTEIPHPOBAHMA, HHCIO 6 —
BEPXHHM; OTPE30K @ < X <6 — OMpeIKoM UHMEZPUPOSaNUA.
Beskas HeNpepIBHAL HA OTpe3ke aSX <6 ynKia f (x) HHTErpHpYeMa

Ha ITOM OTpe3Ke.
EcAn HHTCrpUpYyeMas Ha oTpeske a S x <6 ynKuws f(x) HEOTPHUATETb-

P
Ha, TO OnpeaeNeHHbIH mrrerpan_" f(x)dx uucnennio pasen niomamm S kpy-
a
BOMMHeiiHON Tpanewny, orpauHdeHHOM rpadukoM dysxuwn y = f (x), ocbio
.
abeiice ¥ IPAMBIME X = @ M X = @, TO €CTh S=If(x)dx.5muunno-

a
4aeTCA FEOMETPHYECKHI CMBICII ONIPE/ICJICHHOTO HHTErpana.
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OcHoBHBIE CBOHCTBA ONPENCNEHHOr0 HHTErpana

1) OnpezeneHHbIA HHTETPAN C OAHHAKOBLIMH NPEIENAMH PABESH HYIIO:
a
[rewdc=o.
a

2) [Ipi nepecTaHoBKE NpPEAENOB HHTErPUPOBAHRA 3HAK MHTETPana MeHAETCs Ha
MPOTHBOMONOKHBIN:

5 P
Jfde=-[ pinax.
3) Orpesok mrrerpnponaﬂu: MOXKHO paaﬁnbaan. Ha YacTH:
ff (x)dx = j fx)dx+ } F(x)dx, rae a<c<b.
4) l'Ioc‘ronnHuna MHOKHTENE ‘:.u»xno nuHoi:m‘b 3a 3HAK HHTErpasa:

jcf (xX)dx = cj fFx)dx.

a

5) Hurerpan or anrefpawueckoi cyMmbl QyHKUHMA paBeH aareGpamdecxol
CYMMe HHTErDaJOBR OT BCEX CRATREMBIX:

b b b
[t fends=| fixdct [ f(ds.

Cnoco6kt ANTErpHPOBAHUA

Henocpedcmeennoe esivucaenue onpedencniozo urnmezpana, Jlus pui-
YHCNIEHHS ONpPE/CNEHHOFO MHTErpana, Kora MOKHO HalTH COOTBETCTBYIOME
HeonpesieieNHbIH WHTerpan, cryxur popMyna Holorona-JledGrnua

b
{7 =] f(x)ttr‘b =F@| =F®)-F(a).

TO €CTh ONpeNe/eHHE HHTErPaN PaseH PasHOCTH 3HAYCHHI N06oi Npeod-
Pa3oBAHHON GYHKLMM IPH BEPXHEM M HIDKHEM PEACNAX HHTCIPHPOBAHUA,
W3 310ii $opMyb! BHACH MOPAROK BRIMHCIEHHA ONPEACHEHHOTO HHTErpana:
1) HaHTH HeompeACNCHHEIX HHTErPaN OT AaHHOW hyHKUHM;
2) B NONYYERHYIO NIEPBOOGPA3HYIO TIOACTARHTL BMECTO APTYMEHTa CHaua-
11 BEPXHHUH, 3aTeM HIOKHWH NPEIeNsl HHTETPUPOBAKHS;
3) M3 pesyALTATa MOACTAHOBKH BEPXHErO Mpeiefia BEMECTb pe3ynbTaT
TIOACTAROBKH HIDKHEro Tipeiena.
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4
Tpemep. Briuncnuts nererpan f)ubc .

2
Petuenne. [TpHMEHHB YKa3aHHOE NPABIUIO, BHITHCIIHM JAHHM ONpefeneH-
HEIH MHTETpaN:

[IpunoseHHS HHTETPaia K pelelni0 NPHKIAIHLIX 32124

Mpnmep 1. BLMACTHTE IIOWMALL 3€MENBHOTO YIACTK, CH Ha ILIOC-
KOCTH OH OTPaHWH4CH THHUAMK:

y=%f+l;y=0;x=—2;x=3

TeomeTpuaeckoe 3obpaxesine Pewenue:

Prryper:
5.5

bl -
(633+3) [ Z(-2F - ) 10_

Tlnowans 3eMEIBHOTO YUacTKa
cocrapnset 10,83 (en)

-2 3
Tipumep 2. BRyHCAHTL 06beM Tena, 06pa3oBAHHOTO BPALICHHEM BOKPYT
ocu (X GuTypsi, OrpaHUeHHOH NHHUAMK.
Feduy=0x=0x=4.

4 4
Pewenne: V =nI4xdx =2/x*| =327 B pelueHHR HCIONL30BaHa HOP-
3 o .

b
uynaV=J.fz(x)dx. -
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TMpumep 3. BuMHCTHTL MAacCy CTepKHS, PACTIONOKEHHOrO HAa OTpe3ke
[0; 6], ecim nnoTHOCTS 3a1aeTcA Gynxuuei p (x).= 27+ 3.

b
Pemenne. Henonssyem popmyity m=Ip(x)dx, e p (x) — WIOTHOCTL
a
CTepKHA.

2:6°

6
2 6
=[(2x? 43)dx=| S +3x || ==2—-+3.6=162
m{(xf)dx(]x x] 3

DYHKUHH HECKOJILKHX NEPEMERHBIX

Ecim kamnoli nape snaveHuii nepeMeHHBIX x Uy (M3 HEKOTOPOrO MHOXe-
CTBa) COOTBETCTBYET OMHO M TOJBKO OJHO 4MC/IO z (NeHCTBHTENLHOE), TO 2 HA-
IBIBAIOT IYHKINEI DEYX MEPEMEHHBIX.

OGosnavuenne: z = f(x, y), Tlie X, y — apryMeHTHI.

AHanorsiHo /s onpesenesus GyHKIHH Tpex 1 Goslee NepeMeHHbIX.

Obossauenne: u = f(x, y, z).

Yacmroit npowssoanolt Pynkumm Z = £ (x, y) no nepemeHHON x Hasbisact-
<A evipadicenue:

2! = i L3 A5Y)= f(5y) _,, B2

ax Ax ax Ax
df(x.y)

OGosuavenme: —, fi(xy).

Amnormm onpenen.le'lu # 0603HaYaeTCA YaCTHAA MPOM3BOZHAK N0 Te-
PEMEHHOH .

YacTHbie NPOMIBOIHKIE OT (GYHKUHH HECKONLKHX NEPEMEHHLIX ABNFIOTCH
TaKke (YHKUHAMM HECKONBKHX NEPEMEHHBIX, LI KOTOPHIX MOKHO HAHTH 4a-
CTHbIE MPOMSBOHEIE, KOTOPHE HAIGIBAIOTCA HACTHLIMH NPOHIBOMHBIMH BhIC-
Ero NOPAAKA.

TIpumepsi HAXOKACHHA YACTHBIX TIPOMSBOMHBIX:

1. Z=2-siny; %=2x-:iny: %:ﬂ-cosy:
2 2 2

"—_2 siny; i§=-x'.n'ny; g =2x-cosy.
ax’ dy
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2. Z=x'+XY +) +5; £=4x’+3x2yz; £=2x’y+5y‘:
dx dy

2 2 2
%=12x’+6;y’; Zy—f=2x’+20y’; %=6x2y.
Kourposnsubie 3atanus
1. Haittu npon3Botse Clieyioummx QyHKui:
1
=20 +4x-1 L +ix
¥y ¥y TZ s
y=5¢" sinx y=2r‘+25
I1-x
y =8arctgx+2e* y=x"+6sinx

2. Haitri npoH3BO/IHbIe COKHBIX ByHKIMH:
y=@+5/ y=yx’+a’

S ’x’-l s 2-1
*+1 i+

3. Uccnenosars GyHKUME € OMOIIBLIO NPOM3BOHBIX K MOCTPOHTE rpaduk:

%= X +4
= T = H
4. Haitrn waTerpan:
I(Zx’ -5x° +7x—3)d.x I3xt'dx
Icos.?x-wudx Ictg(2x+5)dx

5, BLIMHCIIHTS TIOM@IH IUIOCKHX (UTYP, OTPAHHHEHHbIX THHAAMM:

Ay=3x-1Ly=0x=2x=4 6)y=—f+6,y=k+3
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1.2. O6siknoBennbie AndOEpeHIHATLHbIE yPABHEHHS

CTyieHT M0/KeN 3MATH: THIM 3akad, NpHBOAAue K AnddepeHumans-
HbIM YPABHCHMAM; Onpejenenne AMGHEPEHUHATEHOTO YPABHEHHS; Onpeese-
Hite 0GIIEro H HaCTHOrO pemierns ANGHEPEHIHATLHBIX yPaBHEHHI, HX reoMeT-
PHYECKOH MHTEPNPETALNH; 06 HHTErPANbHBIX KPHBLIX — peleHusx aupdepen-
UHAIBHOTO YPABHEHHS; METO/IB! PELICHHA OGBIKHOBEHHBIX AH(DEPERIHATLHBIX
YPaBHeHHH C PASACATIOMHMHCS TIepeMEHHBIMH, IH(QepeHUHATLHIX ypaBHe-
Hiit niepsoro nopsaxa, and@epeHIMATLHEIX YPaBHERHI BTOPOrO mopsaKa ¢
NIOCTOAHHBIMH KOIPHIEHTAMH.

CTyzenT 10/KeH YMeTh: COCTaBIATh AMpdepenumanbhbie ypaBHeHHT
Ha npocTeiwKHX 3anayax, pemars AuddepeHuHanLHEE yPaBHERUA © pase-
JISIOWHMHCS TNIEPEMEHHBIMH] DElaTh OJHOPOAHBE AHDPEpeHUHANbHEIE
YPABHEHHA NEPBOTO MOPANKA; PeWwaTh ONHOPOAHKE NWHEHHbE YPABHEHUA
BTOPOTO NOPAAKA € OCTOAHHLIMHA KOI(huIHCHTaMM.

TpaxTiueckue 3ausTus. Pewenne aupdepeHumarsbix ypasHenni ¢
PAsHENAOUAMHCS EPEMERAMH, ONHOPOAHKIX MM EepeHIHATEHEIX YpasHeHnit
TIEPBOTO NOPAIKA; JIMHEHHBIX An(depeHUNANEHbIX ypaBHeHNH NEPBOro nopsa-
Ka; HHEHHBIX OHOPOAHBIX YPABHEHNH BTOPOrO MOPANKA ¢ MOCTOAHHBIMH KO-
pdunuenTamn. Pemenne npUKIATHBIX 3a0a4.

Jlureparypa: JI-1, ¢. 416...453; JI-3, c. 105...147; 114, ¢. 311...351;

J-7, . 223...249.

MeToanueckne ykazanus

O3HaxoMbTECh C THNAMH 3a1aY, NPHBOMAIAMH K AH(depeHIHaNbHbIM
ypasHeHHAM. H3yuuTe pasHOBMAHOCTH OGHIKHOBEHHBIX AM(GEPEHIHANLHBIX
ypasHeH#H. PaccMoTpHTe CrocoGhl pemeris pasanunbX AHpQepeHtHanbRbIX
YpaBHeHu#, BHINOSHMTE KOHTPONbHBIC 3aaHHA. 3aKPENHTE IHAHMA H YMEHHA
PeLIeHHEM NPHKNATHBIX Janad.

3anaun, npuBonsuKe K AHGHepeHUHATBHLIM YPABHEHHAM
Pewienne Pa3NMYHBIX 337184 METONIOM MATeMaTHYeCKOro MOACIMPOBAHHA
CBOJHMTCA K OTHICKAHMIO HeW3BECTHOH (YHKUMM M3 ypasHeHHS, cojepkaueil
HE3aBHCHMYIO NIEPEMEHHYIO, HCKOMYIO (YHKIHIO B NPOH3BOMHBIE 3TOH (yHK-
i, Takoe ypaBHEHHe Ha3biBACTCH AH(HEPEHIHANBHEIM.

Pewenuem ouddepenyuansnozo ypasnenun nasunipactes Besxas QymHx-
KA, KOTOpas 0GPAIIACT JAHKHOE YPABHEHHE B TOKIECTBO.

PaccMOTpHM 3aaty, NPHBOAAILYIO K AH(HEPCHIHANLHOMY YPABHEHHIO.

Tpunmep. ONBITHBIM MyTeM YCTAHOBAEHO, YTO CKOPOCTh PAIMHONEHHS
Gaxtepuit B mOGOH MOMEHT BPEMEHH NMOJOKHTENBHA H NPONOPUHOHANEHA
macce. HaiiTi 3aBHcuMocTh Macesl GakTepuit OT BpeMeHH.
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dm
Tycth m(t) — Macca GakTepuii B MOMEHT BPEMCHH 1, TOTAA 7 — CKo-
it
POCTh Pa3SMHOXEHUA 3TUX 6akTephli, KOTOpas NPONOPLHOHATLHA MacCe m(t)
dm
GakTepuil, nosTomy 7 =km{t), rae k > 0. DT0 ypaBHEHHE CONEPKHT
it

GYHKWMIO m(f) H ee TIPOUBOAKYIO, OITOMY ABJSETCA AUPPepEHIHANLHIM
ypaBHenveM. Y6enuTecs, 910 At06as dyHkumA Buna m(t) = Ceét (¢ — const)
ABANETCA pemenneM AuddhepeHIHATBHOrO PEWeHHA.

Aungipepennuansusin ypasnenuem RasbIBAETCH YPABHEHHE, CBA3HIBAIO-
e He3ABHCHMYIO TIEPEMEHHYIO, HCKOMYIO QYHKUHIO, e¢ NPOM3BONHYIO (i
IndepeRman apryMeHTa ¥ dibepeHiman dpyHKunM).

JupPeperyuansuoe ypagnensie HaspacTcs OGBIKHOBERHBIM, €CIM MC-
xoMan QYHKLHs 3aBHCHT TONBKO OT O/IHOTO HEIABHCHMOTO IEPEMEHHOTO.

Ecnu Iu{depeHUHANLHOS YPABHEHWE COHCPXHT NPOU3BOAHYIO HIH
nuddepeRIEan He BhIE NEPBOTO NOPAAKA, TO OHO HAILIBAETCH OuPdepeit-
HuAnbHOIM YpAsHEHUEM Hep8o2o nopRoOka. OGWAH BAX TAKOTO ypaBHEHHR
F(x v, ¥') =0, 20¢ y = fix) — ncxomas newssecTHas pynxums, y’ = fi(x) - ee
TpOM3BOAHAA [0 X, & F ~ 3a1aHHaA DYHKLNHA NEPEMEHHBIX X, ¥, V'

Obugum peienuem OuPPepenguaIvnozo ypasHenus Nepeoro nopsi-
Ka HasWBaeTCA QYHKUMA ¥ = ¢ (x, ¢) OT x i NPOH3BOMLHONA NocToanHoH C,
ofpawaloias 3T0 ypaBHEHHE B TOXECTBO N0 X.

O6uiee peleHue, 3aMUCaHHOE B HEABHOM BHAE @ (X, y, C) = 0 HasmBa-
eTCA OOMUM BHIMEIPAROM.

Yacmusim peutenuem ypaBHeRus F (x, y, y') = ( Ha3ulBaeTca peilenue,
nonydeHHoe W3 ofmero peureHus Mpu QukcHpobaHHOM 3H2ueHmu C:
¥ = ¢ (x, Cg), rae Cp~ GUKCHPOBAHHOE YHCIO.

Yacmusin unmezpanoM YpaBHeHna F(x.y,y’ )=0 Ha3blBaeTCA MHTETpan, no-
TyueHHBIIT i3 06iLero MHTErpania MU duKcHpoBaHHOM 3hauenin C: P(x,y.Co)= 0.

JuddepeHunanbnbie YPABHEHHS ¢ PA3IEAAIOLIHMHECA NEPEMEHHLIMA
OBwwi Bug Takoro ypasHeHus:  X(x)}V(y)dx + X,(x) ¥,(y) dy = 0,
rae X(x),X)(x) — yHKuRK TONBKO OT X, ¥(3), V() — bYHKUKH TONBKO OT .
Tonenks ofe uacTH ypaBHeHHA Ha npomssenerue X(x) * V() # 0, nony-
UM YPABHEHHE C Pa3sAeAIOLUIMMHCA TIEPEMEHHBIMH:
X(x) 4 K.
Xfx) Yy
OO6wWwMit HHTErPal 3TOTO YPABHEHHMA AMeEET B

jx(")dx+jy’(”dy=c.
Xix) Y(y)
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3aweuanue. Ecan npoissencrue Xy(x)* V(y) = O npux =amny = g, 1o 3t
DYHKUMH X = @ U y = 6 SWATOTCH PEUICHIAMY THPHEPEHLNATLHOIO ypaBHEHHA
NPH YCHOBHH, HTO NPH 3THX IHAYCHHSX X i ¥ YPABHEHHE HE TEPHET HHCAOBOrO
CMBICHA. [eOMETPHYECKH 3TH PELICHNA NPEACTABASIOT COGOH NpAMsie, napan-
JIELHbIE OCAM KOOPAHHAT.

Tpumep. Pewrs ypasuenue ydy = xdx. Halftu uactroe pemenwe, yaos-
JIETBOPAIOLUEE YCAOBHIO y = 4 PH X = 2.

Pewenne. 10 ypasHeHHE C PasAeNAIONIMMHUC TIepeMerHbIMK. HiTerpu-
pys, Haxomm oiuee pewieHne ypasHenns.

249/53
P A S Ok
= 5 =,

[rr=fotsis BnZus

Jns nonyserus Gosee npocToro no Gopme o6IIero pemenns noCToRH-
€
HOE CriaraeMoe B NPaBOH HACTH MPEACTARICHO B BHAE oA yY=x+C

Tloacrasus B o6uiee ypaBHeHHE peeHHe SHAYCHHA Y = 4 W x = 2, nonyuuM
16 =4 + C, otkyna C = 12. Uraxk, 4actroe peenme YPABHEHHUSA, YAOB/E-
TBOPAIOWIEE TAHHOMY YCIOBHIO, HMEET BHI
P=2112
Juneinvie ougdepenyuarsnsie ypasuenun nepeozo nopaoxa wmeiot
s V= f(x)y+q(x),
rae fix) u q(x) — 3anannsie GyHKUHH OT x. DTO ypaBHEHHE ABIIETCA JIH-~

HellHLIM OTHOCHTENHO HCKOMOH dyHKuHH H ee npoussonnol. Ecnu g(x) = 0,
TO JmHEHHOS AM(QEPEHUHANLHOE YDABHEHHE HA3LIBACTCH OOHOPOONBIM.

Oio imeet B ¥’ = f( X )y W pewaercs MeTonoM Pas/ieNieHHA NepeMeHHbIX:

& pexy: "—y’=f(x)dx-.
%=jﬂxux Infy|= F(x)+IniC,| 3
S| =lefe =, y=C e,

y=Ce™ e Fx) - Hexotopas nepsooGpasuas Qymkuus flx), a
C= + C; — NPOM3BOIBHAS MOCTOAHHAS.

JluneiiHoe OHOPOAHOE YpABHEHHE MOKET CBOAMTHCA K YPaBHEHHIO C
PASACIFOUUMHA NEPEMEHHBIMH METOOM TO/ICTAHOBKH Y = ¥ * X.

Tpumep. (x + y)dx -xdy=10.

Tpeanonoxum, y = v - x, Torna dy = xdv + vdx. loacTannsem 3uave-
HUSA Y # dy B HCXO/IHOE ypaBHEHHe.




image25.jpeg
(x + vx)dx — x(xdv + vdx) = 0 — xdx + vxdx — Xdy - xvdx = 0 — x " d x —
—x'dv = 0 — dx ~ xdv = ) — — 5T0 ypaBHEHHE ¢ PAYACAIOMIMH nepemMen-
HEIMH, pemaemoe no Gopmysam:

dv=£-+fdv=f£,v=lnx+ln€—-)v=ln(€x),
x x

ToacTaBuM SHAYCHHE v B NOACTAHOBKY y = v * x. Hmeem y = x In(Cx). Bto

obuiee pewenne AHPPEPEHUMANEHOTO YPABHEHHA.
Jluneiinoe 00nopoonoe dudepenyuansnoe ypasnenue 6mopozo no-
PROKG C HOCMOAHKBMU KOIPPUKUERManu AMeeT BHA:

Y+py'tay=f(x),
TAe p, g — TIOCTORHHKIC BEJIHIHHBI;
fix) — HenpepsiBHA% DYRKIAA OT X.

Ecan fix) = 0, TO 3T0 ypaBHEHHE Ha3LIBACTCR YPAGHEHUEM EMOPO20
nopsaoka b6e3 npaeoii wacmu WNK AUHEUNHMM 0OHOPOOHBIM YPAGHEHUEM:
¥"+ py’ +qy=0. [lna pemenus 3T0r0 ypasHEHHA COCTABAKIOT XaPaKTepH-
cTHueckoe ypasHenwe suga: k’+ pk+q=0. TIpu pemenun Xapakteph-
CTHYECKOTO YpaBHEHHA BO3MOKHb TPH CITyHas.

Kopun YacThsie

Ne ypasHenus pemenns Obuiee pemenue
JlelicTBHTENbHBIE ¥ =eh*
1 pasnuuHsie ! b y=C"" +Cpe*
(ki#ka) y=e
ot
2 JleHcTBuTENBHBIE yy=e y=e"(C, +Cyx)

pasbie (ki=kz) ¥, =xe'”

=
Komnunekcro- ¥y, =e"cos fix
3 COMpAKEHHBIE

=™, .
s ¥, = e® sinfix y=e"(C,cos fix+C, sin fix)

Tprmep 1. Hafiti obimee petmenne
Y =5y+6y=0.
XapaxrepHCTHuECKOE ypaBHeHHe uMeeT BuA kK’ — Sk + 6 = 0 Pemaem
KBazpaTHoe ypasuenue: k; = 2; k; = 3; k; # k, Hactasie pewenus y; = e”,
¥z = €™ . O6mee pemenne y = Cre™ + Ce™ .
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Mpumep 2. Y +4) +4y=0. Xapakrepucruueckoe ypasHeHHe:
K4 ak 44 =0 (k+2f =0— ks =k=-2.

YacTHbIe peleHN: y; = i y2=xe .

Obutee pemenue: y = ¢ = Cr+ Csx).

KoHTPOLHBIE BOMPOCHI 1 3a1aHNS
Kakoe ypasHenne HasbiBaeTcs anddepesumansuniv?
2. Ipuseaute onpenencune aHGQePeHUHANBHOTO YPABHERHA NIEPBOrO
TNOPSIKA.
3. Pewute nudpdeperuuansine ypaBHEHHS W HAHIMTE HACTHHE pe-
WEHNA, YAOBNCTBOPAIOUINE AAHHAIM YCIOBHAM.
a)xdy=ydx,y=06npu x=2 ,
6) (x°y + y)dy + (xy* + x)dx = 0; y = I npax = 0.
Omerw: @) y=Cry=3x 6O +1)(F-1)=Ci(¥+ 1)} -1)=-2

1.3 Iuddepenunansnnie ypaBHeHHA B HACTHLIX NPOMIBOAHLIX

CTyZeHT N0JIKeH 3HATE: METOMB! PeleHus Au(pQepeHIHANLHbIX ypaBHe-
HUft C HACTHBLIMH NPOM3BOMHBIMK; METOAR! peleHus AH(depeHuHANBHLIX Ypas-
HeHitl NepBOro NOPANKA THHEHHBIX OTHOCHTE/IBHO YACTHBIX MPOHIBOHBIX,

Cry/iesT aosken yMeTh: pelath npoctediume anddepeHunansusie ypas-
HCHHA B YACTHBIX MPOHIBOJHBIX; pewats MHpdepeHUHANEHBIE YPABHEHHS Nep-
BOTO NOPAJIKA, JIHHEHHBIE OTHOCHTE/TEHO YACTHAIX NPOHIBOAHBIX.

Tpaxruyeckne 3ausThs. Pewenne npoctedimux auddepenunansunix
YPaBHeHHH AHHEHHbIX OTHOCHTEILHO YACTHIX POHIBOMHBIX.

Jlureparypa: JI-3, c. 237...256.

MeToAHYECKHE yKA3AHHNS

O3HAKOMETECH € TOHATHAMM B BHAAMU AHGdepeHIHANBHBIX YPaBHEHRH B
YACTHHIX MPOM3BOAHBIX. PaccMoTpHTe MeTO/B! pewcHus npocTeifux andde-
PCHUHANLHBIX YPABHEHUH B YACTHBIX NPOHIBOJHBIX. BHINONHHTE KOHTPONbHbIC
3AIAHHA ¥ PEIHTE NPHKIANHBIC 3ANAYH,

JAudppepenyuansnsis ypasnenues & 4acmusix npouIsoOBIX Ha3biBa-
erca auddepennuansHoe ypasHeHHe, CONepKalIce HEH3BECTHBIE (YHKLMM,
3JABHCALIHE OT HECKONBKMX MepemenHsix. OBt sua mnddepeHumansioro
YPaBHEHHS BTOPOTO NOPAAKA B HACTHBIX MPOHIBOAHKIX:

’ - Rs oo
F{x,y.z,ZX,Zjv,Zn.Zly.Zyy )=0.

Dynxuns Z = f(x, y), YIOBNETBOPAIOWIAA YPABHEHMIO, HAILIBACTCA pewe-
HUEM WAl URMEZPAAOM OUPPepeniyuansiozo YPasHERUA & YACMHBLY NPOU3~
600nsix. JlupdepeHunansHoe ypaBHEHHE B HAaCTHBIX MPOMIBOMHBIX MOKET
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uMeTh ofuee PelICHHE W YAaCTHBIC PEUICHHA, TONYYacMbie MYTEM HANOXKEHHS
AONONHHTENBHLIX YCHOBYA. B ypaBHEHWAX B YACTHBIX NPOK3BOAHBIX NPOH3-
BOJbHBIEC EMERTH 061eTo PEIICHHA, TO €CTh PCIICHHA, N3 KOTOPOro noayya-
10T BCE HAaCTHYHBIC PeUIeHHS (32 HEGOMLIHM HCKHOUEHHEM), ABNAOTCA HE KOH-
CTANTAMH, KaK B CTyqac OOHIKHOBEHHBIX RH(PEPEHUHANBHBIX ypaBHEHHH, a
RPOK3BONBHEIMA QYHKUKAME. B 06leM cliyyae QHCNO NPOA3BONLHEIX HYHKIM
Gyner paBHO nopAaky AMpdepeHUManbHOTO ypabHewns. B kypce «Buicuas
MaTeMaTHKa» PAcCMATPHBAIOTCA THIBI YPaBHEHMIl JI NMOPAAKA B METOAI HX
pelennA. B 9acTHOCTH, ypaBHeHMe BTOPOTO NOPAIKA B YACTHBIX MPOH3BOIHEIX
C ABYMA HEH3BECTHEIMH HMEET BUIL
2 2
ai§+2b d’z +c£—§+ x,y,z.d &
dx dx-dy  dy dx’ d
€ a, b, ¢ — YHKUMR x Wy, OHR DPHHANNEXAT K THIEPGONHYECKOMY, Napa-
GoNMYECKOMY WM NAHNTHYCCKOMY THRY. JliA KaHOMHYECKUX YpaBHEHHIl
3THX THTIOB COCTABNAIOT YPABHEHHA XapakTepucTHK N HaXOMAT ofilee pe-
meHne. B ar1ofi paGote paccMoTpennl npocteiimue anddepeyunantubie
YPaBHEHUA B YACTHBIX MPOW3BOAHAIX, O6llee peilieHHe KOTOPHX HAXOmAT
' TIPOCTHIM HHTETPHPOBAHHEM.
Tipumep. Haiitn dynkumo Z = Z(x, y), yAoBneTBOpsiomyio andbe-
d’z
PEHUHANLHOMY YPaBHEHHIO ;7 =6y

Pewenne. [Jaxas anddepenunpyen no y:

dz
2 YR Z =y ey e ),
rae: ¢(x) u y(x) — Npon3BoNbEbie GyHKUKH.

2
=0.

Ilpumep. PemnTs ypaBuenve
-dy

Pewenne. HHTErpHpYeM MO X, HMeEM -Z—Z=f( y).
y

Huterpupyem pesyasTar no y, umeeM Z = ofx) + y(x),

rae y(x) = [ f(y )dy

AudPepenuuarvuoe ypasnenue nepeozo nopraoxa, runeiinoe omuo-
CRIMEABHO NACHINBIX NPOUIBOONBIX:

ﬂwﬂ_z
dx

dy
rae X, ¥, Z - gpyuxmmm x, y, z.
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TIpesBapuTeNsHO pemaeTCs CHCTEMA OOBIKHOBEHHBIX AHDepeHHas-
HBIX ypaBHeHui:

L3
Xl o £
Pemenue 3TOH CHCTEMBI ONIPEAENALTCA PABEHCTRAMM:
Wi xy,z)=C,, Wi xy,2)=C;.

OBuuit muTerpan aAnpPepeHUHANLHOMO YPaBHEHHS B YaCTHAIX MPOM3-

BOAHBIX:
oWy(x.3.2), Wy(x2)l=0,
rae: ([W,,Wz] MPOM3IBO/LHAN HENPEpHBHO Auddeperumanshas Gysxums.

Tpumep. Haiiti obuiuii waTerpan ypasnenus x% + y% =Z.

Pewenne. PaccMOTpHM CHCTeMy ypaBHeHMH

(MR e I e
T R Xy X
Pemas £=£.we¢u—=cz
> iz
Yz z b
OG6uumit wETerpan 3afaHHOro ypasuenus: @ —,— (=0 wmm —=y| = |,
X x X x
Toects Z=x-y| L .
x

e Y — NPOM3BONLHAR (YHKIMH.

Konrponbubie sananus
1. Haiiti o6mee pemenne ypasHenuii
2 4
LR 6) %
dx-dy dx*dy’
2. Haitry oGuum mrmrpu ypasHenuit

=0

a) sz+xz-d—y-_xy 6) %:inx+%:iny=sinz
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1.4 Psne

CTYAEHT A0/KeN 3RATH: ONPENICNCHNS YHCIOBBIX H (YHKIHORANBLHEIX PA-
0B, HEOOXOMMBIA ¥ JOCTATONHBIH TPHIHAKH CXONMMOCTH PAIOB, NPHIHAK
JlanamGepa; NPHIHAK 3HAKONEPEMEHHBIX psioB, npuisak JleiiGuwua, meton
npesicTaBnenns GyHKui B CTENEHHbIE PA/BI ¢ NOMOLIBIO pasa Makiopena,

CTy/IeHT I0/IK€H YMETh: ONPE/IeNIATh CXOMMMOCTb THCIOBEIX 1 dyHKINO-
HaTBHBIX PAAOB No npisnaxy Manambepa; npaMeHaTs npuinak JlekGnuua an
3HAKONIEPEMEHHBIX PAZIOB; PAIATATS leMeHTapHbIe (yHKLMM B pt Makiopena.

TMpaxTuyeckne sausTHa. OnpeaencHue CXOAMMOCTH PANOB 1O NPH-
snaky JlanamGepa. OnpeneneHue CXONMMOCTH 3HAKONEPEMEHHBIX PAIOB,
Pasnoxenne pyrxuuit B pan Maknopensa.

Jlureparypa: Ji-1, ¢. 379...402; JI-3, c. 56...101; JI-4, c. 396...403.

MeToanueckne ykasauus

O3HAKOMBTECH C TeOpHell PAIOB B BONPOCAX CXOAMMOCTH, BHIOB PA-
2108, MPHIHAKOB CXOAMMOCTH H PasiokeHHs paios. PaiGepure pemenune
TPHMEpE! H BLITIONHATE KOHTPOJBHEIE 3a/1aHKA.

Hucrossim prOOM Ha3BIBACTCR BRIPAKCHHE BHAA a; + @y + ... + ay+...,

rae a; , a;, .4, - 9MCHa, NPHHALIEKAUIHE HEKOTOpOH onpeneneHHOH
YHCNOBOH cueTeMe. Yuena a; MOryT GuiTh eliCTBHTENLHLIMH HIH KOMIUIEKC-
HBIMM, TOTJId PA/IB HAILIBAIOTCA OEHCMEUMENbH MU WK KOMNAEKCHYMU,

CoxkpaiieHHoe 0603HAUEHHE PALA Yepes 3HAK CYMMHPOBAHHA 3!

atayt...tag, = 2‘111. 3
=

rje: YMCAA G, G, ... Q.. HA3KIBAIOTCH WIEHAMU PAOA; a, — OOWUM
wieHoM pRoa.
Munexc n MOXeT npHHUMaTh 3navenna /, 2, .. wmn =0, 1, 2,
Ipumepsi paaos:
1. Psaa reomerputeckolt nporpeccuu

a+aq+ag® +...+aq" +...= Yaq", enma=1q= %,mnmry-mn
n=0

il |
+5t—t
1 Py
2. Pag, coCTaBNeHHbIH W3 uACeN, OGPATHBIX HATYPANBHbIM THCIAM, HA3BIBA-

eTCH rapMOHHYECKHM PAAOM:

b5 i A [ =V
l+7+§+'--+‘,;+"~“”§0,.'

CyMMa nepBbIX n SWICHOB PA/ia HA3LIBACTCA HACMUYHOI CyMmoil pRoa.
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Paa HashiBAeTCS CXOORU{MMCA, €CNH TIOCNENOBATENBHOCTL €70 HACTHHHBIX
CYMM HMEET KOHEHHBIH Npeiesl. 3TOT npejiesl HaIbIBACTCA CYMMON CXO0RIUEZOCH
pRoa.

ECIIH NocneN0RaTeNLHOCTh Y2CTHYHEIX CYMM HE HMEET KOHEYHOTO NMpe-
Jiel1a, TO PAX HA3LIBACTCH PACXOORIUMCR (OH HE UMEET CYMMBI).

Mpumep.
LPanf+2+3+4+ . ..+n+... UMECT YaCTHYHEIE CYMMM §; =1, S, = 3,
8;=6,... S, x ";l , KOTOpbie HMEIOT GeckoHeuHslll ipenen. PAn pac-
XOmHTCA.
v]
2. Pan I+—]-+-l-+1 + —1— ... HMeeT YACTHIHBIE CYMMBY.
2 4 8 2

Si=1, s,=1§,s,=:

=7
Haftizem npeaen: Lim 2—(3] = Psn cxoautea.

Ceolicmea cXo0RMuUxca pRO0E:

1. Ecau pan Z @, CXOZIUTCA W €r0 CyMMa PAaBHAETCA S, TO PAA an,, -
n=l n=I

TAKKE CXOAHTCA M €TI0 CyMMa paBia C * S.

2. Ecan paap 2 a, u Zb,, CXOAATCA H X CYMMBI paBHbi §' ¥ S, 10

n=I n=i

Kaxabli 3 ABYX pamos 2 (a, tb,) CXORMTCA M CYMMa KaXIOTO paBHa

el

st s

Heobxooumoe ycriosue cxodumocniu paoa;

Ecnupana; + ay + .. + a4 . = 2 a, cxonuTed, T0 ero ofmnit
~1

4neH g, CTPEMHTCA K HyIo, To ecTh ecna LimS, =S, 10
-

Lima, = Lim( Sy ~S,_; )= LimSy — LimSy.; =S8 =0.
b i o
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Ecin z @, He PaBeH HyIIO WIH TOT Npeen He CYWIECTBYET, TO Al
n=l
PACXOMMTCA.
Heo6xoanmoe yCIIOBHE CXOAHMOCTH PAIA HE ABAAETCH AOCTATOUHBIM.

Tonosicumensnsie u INaKonepemenisie pRov

Hoaosxcumensumm nasbiBaeTcs PAZL, BCE 4WCHBI KOTOPOro HEOTpHUA-
Tenbhbl. YacTuunbie CYMMBI ITOJIOXKHTENBHOTO PAAA HMEIOT Npeaes — KOHeY-
Hbtlt win Geckoneunbifi. B nepsom ciydae pax CXOAMTCH, BO BTOPOM Pacxo-
AHTCA. 3HAKONEPEMERNBIM HAIHIBACTCH PAL, KOTOPhIH CONCPKMT KaK MO0~
KHTENIbHbIC, TAK H OTPHUATC/IbHBIC YICHBI. Jn'mveptdymmuu HasbiBa-
©TCA PAJL, ECNH ero WICHB! NOOYEPEAHO NONOKHTEIbHL H OTPHUATEIbHLI,

Mpusnax Jlanavbepa 0nx nonoxcumensnozo pada. Iycts nau nonoxu-

TenbHBIH pAN &) + 8+ ... B = E a,.
n=l
Haitnem oTHOMmEHNE NOCHEYIOMIEro YWieHa K NPeALIYHEMy NPH n—swo

a,
Lim—*-=q, rorma
- a,

1) ecu g<1, T0 paa cXOAMTCS;
2) ecnut g>1, TO pAA PACXOAMTCH;
3) ecnu ¢ = I, TOrAa PAJL MOKET CXOAHTBCA, & MOKET PACXOAUTHCA.

Mlpusuax Jleitbnuya 018 3nAKOuEPeOyIOuezocn pada. 3Haxouepe-
Ayloumics pan a; + a + .. + @pt..= Z @,  CXONWTCA, ecnu:
n=l
1) ero unenst yGHIBAIOT N0 MOAYMIO  @;2 a;> a3
2) ero oBumii 4ien cTpemuTses K Hymo Lima, =
ey

>a,>

Tlpn 3ToM cymma S psiaa yaosaersopser ycnosuio 0 < S < a, .
Abconiomnas u ycaoeHan cxodumocms paodoes. 3naxonepeMensii paa
a; + a; + a,+... Ha3bIBACTCH ABCONIOMHO CXOORM{UMCR, €CIH CXOMMTCA
PAlL, COCTABNEHHbIH U3 MOJIyJieli €0 WIEHOB, TO ECTh CXONMTCH PAA:
lay |+ |az |+ ... + |aq |+
Pan a; + ay + ... + a,+t....HA3BIBACTCHA YCAOGHO CXOOAUUMCR, €CIIA OH
CXOAMTCH, & PSJl, COCTABNCHHMH M3 MOAy/Nell €ro WICHOB PACXOAMTCS, TO
€CTh PACXOAHTCH PAL:

lay |+ |a; |+ ... + |ag|+...
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Dynxuuonansusie prOsi. GYHKUHORATEHIM PAIOM HA3HBACTCA BHIPA-
KeHne

Uy(x) +Ufx) + ...+ Uplx) +.. ZU (x),

rae Uy(x), Usx),.... — 4nensl paaa d)ymnmu OIHOTO # TOTO Ke apry-
menTa x. Eciu aprymenty x 1aTh Kakoe-inGO 4HCIOBOE 3HAYEHME, TO M3
(GYHKIHOHANBHOTO PAAA NOAYHALTCHA YHCIOBOH PAIL

DYHKUMOHAILHBI P HA3BIBACTCA CXOORMUMCA B TOUKE X = (, ecnu uu-
CIIOBOM Pz, noAyHeHHbil 3 QYHKUHOHATBHOIO MOACTAHOBKOH X = 4, AB/AETCH
cxomamumes pasiom. TOUKa a HAILIBACTCA MOYKOR CXOOUMOCMU PROA.

TMpumep: [ +x 2.+ 4= Zx' . Psin cxonmMTCA B TOUKE X =
n=l

i~

W PacXoANTCA B TOuKe X = 2.

DYHKUHOHANBHBI PAA MOKET CXOAHTHCH NPH OAHHX HAYCHHAX X M
PAcXoAMTHCA TpH APYrHX. COBOKYNMHOCTH 3HaYeHHt X, MPH KOTOPRIX Paa
CXOMMTCA, HAILIBACTCSH 06AACIMBIO CXOOUMOCTIU PYHKKUORAT6HO20 PROA.

CreneHHBIM PAAOM Ha3siBaeTes PYHKUHOHANLALIA PRI BHAA:

ap+ ax +ax’ F ..+ axX+.= Yokt

e ag G, a3, .. Gy ,...HAILBAIOTCA KOIPPULUEHMAMU CIMENERN020

proa.
YacTHuHak CyMMa CTENEHHOTO pAna Sy(x) = ap + ax + ax’ + .. +ax"
ApaseTca QyHKumeil nepemenolf x, onpenenenHoi B 061aCTH CXOAHMOCTH

pana: S=8(x)= Za,,x".
n=0

Paa Maxiopena
Ecan dynxuns f{x) paznaraercs 8 crenensol paa

fix)=ap + ape + ax’ + ax’ + .. + @ 4.,
TO €¢ MOKHO NIPEACTABHTS B BHIE:
f ( 0) 2

f(x)=f(0)+ fO)x+——=X"+..+

KOTOpBIH HAILIBACTCH PAAOM Maxnopcm.

Tpumepsi. Hcenenosats Akl Ha CXOAMMOCTS N0 npusHaky JanamGepa.
Bl g 8 +i+ = L
22l 3 =l

(n)
i “”;u...,
nl

1. Jlan psn: 1+—
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1 1
HEXOMM IEMEHTH @, =—, 4,,, =———.
o % n' ™ (I )

Venosse cxoaumocTs:
1

(n+1)! n! AR0E]
= = =0<1.
Lim ¥l l.‘.'_'"(n+1)l i)
n!
JManusiit pan cxomuTes.
2 3 " =t
2 Jaupnxs I+=+ ot e it —"}:;, HAXOHM
Oy g (RED) ! 4 Eandted - e 4 Wl >1
l-‘—'zl a, w= (n+l)n" e l;-‘z' n 4
Janubiit pAx pacxoauTes.
2.3 n S
3. ; IH=+=+..+ +..= q
g R e Z:z,.-z
T n+l o TR
s “”(z(nu) ¥ z»—z]

| (n+l){2n-—l)= . 2n’ +n—!=£=l )

T R r R 2t iR 12

Tpusnax JlanamGepa He naeT oTBETA HA MOCTABACHHKIH BONPOC O CXO-

AHMOCTH AaHHOIrO pAna.
. . 1
Lima, = Lim—"—=~%0, 10 ecrs ue BHINONHAETCA HEOGXOMHMOE
——

* m=2n-]
YCIIOBHE CXOMMMOCTH PAAa. PAX pacxoauTes.
. =

+x)+ Sl
Jiltant i =

4. llan GysKumoHansHeiH pai: 1+I
N e SR | el o ICR & 5
-4- IUI(XA -——l(n+l)’ n! l:-mn+l <t

Pan cxoautes aGeomoTro Ha Beeli Yuc0OBOl NpaMoii.
Hcenenosats psjsl Ha CXOAMMOCTS N0 Npu3RaKy JleHGruua.

1
ﬁ—ﬂt.., HMeeM
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! | 1 1
15=>=>=.5>=, 6) Lim—=0.
4 2,3 4 n )b«’—"n
Tlo npranaxy JlelGnunia psas cXOAHTCH.

D S Hvt SR (=1r!

6. (oAt
e R 7

Cocrasum pan l+i+l+-l—+~l—+i+“.+——l—-.... KOTOpSIi ABAA-

2 4 8 16 32 o

©TCA CXONAMMMCH, TaK Kak umﬂ'-‘L = u,,.z—H =—<]. Cnexosarensuo,
= a, = 2" 2

HCXOMHBIH PA ABASETCH A6COMOTHO CXOMAMMMCH.

Pasnoxnts B crenentolf pan Makaopena GyHKumM.,
1. fix) = ¢ . Haxomum npomssommwe f(x)=e', f%x)=e",
fT(x)=¢",... n1ax nanee.
Honoxms x = 0, naxomm f(0)=1, f10)=1, f10)=1,f%0)=1...
Hmeem

A 2t x 8
E=l+x+——+ Fo—
1:2 1-2.3 n!

2. fix) = sin x. Haxommm f'(x)=cosx, f(x)=-sinx, f7(x)=—cosx,...

f"(x)=sinx, f*(x)=cosx, f"'(x)==sinx, f"(x)=—cosx.
Tonoxum x = 0, umeem  f(0)=0, f(0)=1,f(0)=0,f%0)=~1
fM(x)=0, f'(x)=1, f'(x)=0, f"(x)=~1
2l
A VAR el e

Wi Sxeret 7 i

KonTtpossnbie sananus

1. Hccnienosats pazsl 0 CXOANMOCTH NPH NOMOIM NpH3Kaka JlanamGepa
«n wn' w2n-1
IR 8) Xl » Y
et P n=l (ﬁ'
2. [poBepHTh, BHNONHAETCA 1H HEOGXOMMMOE YCIOBHE CXOAMMOCTH PALIOB

o n+l < _n of,. 1Y
6 I+~
P EZ;HI ),E,nz+l » E +n]
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3. Hccrieiosath Ha yCIOBHYIO H aGCOMOTHYIO CXOAHMOCTS PALI

+1 oo
sinn i l)" (=1
)EI ) 2‘, 5) E’—b‘m

4. Pasnoxurs B paa Mauopeul M HallTH HHTEPBANL! CXOAUMOCTH
a)fix) =x" e* 6) fix) =sin’ ) fix) = Ln(I-x).

2. OCHOBBI JIMCKPETHOM MATEMATHKHA

2.1 MuoxecTsa u oTHoumeHus. CoficTsa oTHOWeHMH.
Onepauus Haa MHOKECTBAME
CTyneHT n0JKeH HMETS NPEACTABIENNE: 0 CIOco6ax JaNanns MHOKECTB;
© auarpammax Diinepa.
CTyneHT A0/KeH IHATH: TOHATHA MHOXECTBA, OTHOIICHHS; ONCPALHH W
cBoficTBa onepalil HaZl MHOXKECTBaMHK; CBOJiCTBA OTHOWICHHH.
Jlurepatypa: JI-6, c. 5...7; JI-8, c. 102...104,

MeToauuecKkne yKalanmus

O3HAKOMETECH C OCHOBHBIMH NORATHAMH TCOPHI MHOKECTB H OTICPALIAMH
Haj MHOXeCTBaMH. HayuHTech N0O/Ib30BATECA AHATPAMMAMH TEOPHH MHOXECTB,

Muoxcecmsom Ha3LIBAIOT COBOKYIHOCTH, HAGOP Kakux-1u60 06bekTOB
(npemmeros). Tlpeamers!, COCTABNAIOUIME MHOKCCTBO, HA3bIBAIOTCH €ro
anemenmamu. OGosnauenue Maoxkects: 4, B, C, ..., 0GoIuavenne nemen-
TOB MHOXECTB: @, 6, C, ... . BXOXICHHE 3IeMEHTa BO MHOKeCTBO A 0603Ha-
waercs a€ A, (Unraerca: a npHHALIEKHT MHOKecTBY A). Ecin a e npu-
HAUIeRHT MHOKecTBY 4, obosmauaercs aé A. TepMmun muoxicecmeo ynor-
pebIAeTCA HE3ABHCHMO OT KOJIHHECTBA 3EMEHTOB. MHOKECTBO, He coliepikaliee
HH OJHOTO JIEMEHTS, HA3LIBAIOTCA MyCHmbIM W 0603Ha4aeTCA CMBOSoM & .

Cnocobsi 3aauns MHOKECTB.

1. Tlpocroe nepeuucnennue (MHOKeCTBO AeTanei B kopobke).

2. VKa3saHus XapaKTEPHCTHYECKHX CBOWCTB MHOKecTBa (KOAMYECTBO

YETHBIX YHCcen B HHTepBane [ <x<20).

Ornowennus muoxects. CuoficTsa oTHOWEHMI

1. A = B o3nauaer, 410 MHOKeCTBa A H B cocwx'r 3 OJIHHX H TeX XKe
3EMEHTOB.

2. 3anmuck A C B 03Ha4aeT, YTO KaXAbii 3NEMEHT MHOKeCTBA A ABIA-
©TCA B TO Xe BPEMS JNEMEHTOM MHOKECTBA B uin A nodmuodxce-
cmso B B.

3. Kaknoe HemycToe MHOKECTBO MMECT N0 kpailwelf mepe asa noa-
MHOKECTBA: MycTOe MHOKeCTBO (& M caMo MHOKecTBO A.
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4. EcmACBuBCA 104 =B,

5. Ecam E onpelefienHoe MHOKeCTBO, cojepxamee B cebe aApyrue
MHOXECTBA, TO MHOKECTBO E Ha3hIBACTCH YHUEEPCAILHIM.

6. Ecnm A HEXOTOpOE MOAMHOKECTBO YRHBEPCANBHOIO MHOKecTsa E,
Toraa MHOKeCTBO A (He A), COCTOAINEE W3 BCEX I/IEMEHTOB MHOXKE-
cta E, He NpHHAMICKALHX MHOKECTBY A, HasKBACTCR domoane-
Huem mnoxcecmea A.

Tepeuncientble OTHOMEHHA HATMAAHO WUTIOCTPHPYIOTCA € NOMOMIBIO
nuarpamm  Diinepa-BeRHa — 3aMKHYTHIX JHRHI, BHYTPH KOTOPBIX pacrono-
KEHBI JIEMEHTH JAHHOTO MHOKECTBA, @ CHAPYKH — JJIEMEHTBI, He NPHHAL-
NeKALHE ITOMY MHOKECTBY.

Onepanun HAA MEOKECTBAMK

1. Obvedunenuem (cymmoil) MBYX MHOKECTB A u B HaILBACTCH MHO-
KECTBO C, COCTOAIIEE H3 JICMEHTOB, NMPHHALIEKAMHX MHOXECTBY A
wiK MHOXecTBy B. O6osnavenue: C =AU B.

2. Ilepeceenuem nByx mMuokects A u B Hanipaetca MHOKecTBO C,
COCTORIEE H3 INEMEHTOB, NPHHAMLICKAUIMX MHOKECTBY A W MHOKE-
ctey B. OGosnavwensne: AN B.

3. Pasmocmsio nyx muowecTs A u B masmBaetcs MHokectso C,
cocToAmEee W3 BCEX NEMEHTOB A, He BXoasux B B. OGosnadenne:
C=A4\B.

Onepauns HAJl MHOKECTBAMM B ANArpaMmax
])Q 2‘ 3)®
4) @ 5) : 6)
Tipumepst 1, 3, 5, 6 — ofbenuHenke, NEPECcEHeHne H PasHOCTh IBYX

MHOKECTB A K B.
Tpumeput 2, 4 — 06bEIMACHHE U NepecedeHne Tpex MHOKecTs A, B, C.
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CroficTsa oTHOWenNIl Haj MAOKECTBAMH
1. AUB=BUA w ANB=BNA - nepemecmumensnsie 3axonst
OGBEAHHEHHA W NEPECEHCHNHA MHOKECTB.
2. (AUB)UC=AUBUC) u (ANB)NC=AN(BNC) - co-
uemamensubie 3AKONS! OGBEAHHEHUS H NEPECCYCHHA MHOKECTS.
LAV =4 AND =D A\D=A,A\A=D

4. AN(BUC)=(ANB)U(ANC) - pacnpedenumensnwii saxon
nepeceuenus OTHOCHTENBHO 06 OUNENUA;

AU(BNC)=(AUB)N(AUC) - pacnpedenumensnwii 3axon ove-
OUHENUR OTHOCHTENBHO Mepecewents.

5 A=A AVA=EANA=B E\A=4,NE=0,
AUA=AANA=AAVE=EANE=4

Kourpoasusie 3aganus

1. IMpencTaBbTe B BHAC AHATPAMMSI Pe3yNbTAT ONEPALHA MEKIY MHO-
xecteamu A4, B, C:
(AuB)uCc n AU(BAC)
2. Mycts A — MHOXecTBO BeeX paboTHukor GpHrasi, a B — MHOXeCTBO
Beex paboTHuKoB 1-ro paspana. Kak npeactaBHTh MHOKECTBO OCTAlbHBIX
PpaboTHHKOB.

2.2 OcroBHBIe NOHSTHA Teopun rpados
CTynieHT A0/KkeH WMeTh NPeACTABIEHNE: O CBA3H NOHATHA rpados i no-
HATHA OTHOLICHHA.
CryneHT no/UKeH 3HATB: ONpefeNeHHe rpadoB i ero MEMEHTOR; BHbI

TPadoB ¥ ONEPALIH HAZ HHMH.
Jlureparypa: JI-5, c. 173...222.

MeToauueckne yKasaumus

(O3HAKOMBTECH ¢ OCHOBHLIMH TIOHATHAMM TEOPHH IpadoB, H3yUHTE OMepa-
UMK, BHINONHACMBIE Hax rpadamu. Hayuureck cocraBiaTs npocreiiume rpadsi.

Tpagp — 370 KoHEuHAs COBOKYMHOCTb TOHEK, HA3bIBACMBIX SEPMUNAMIU,
COEJIMHEHHBIX JPYT C JPYroM JIHHHSAMH, Ha3bIBaeMbIMH pebpamu zpagha. Bep-
wmHsl 1 peGpa — 310 3nemenTs! rpada. I'pad, B KOTOPOM Kaxble 1BE BEpIIH-
Hbl COCZIHHEHB Meky coGoi, HasnBaeTca noansim. I'pad, B KOTOPOM Hanpas-
nenue peGep yKa3biBaeTcs CTPENKaMH, HasbiBaeTcs nanpaeaentsim. Tpad mo-
KET BUIOHIMEHATLCA: YMEHBIIATECA, YBEMHIHBATHCA, MPHMEHATLCA HECKOILKO
pa3s NpH pewerny oarol u Tol e 3axaun. Ipad xapakrepusyercs AMHammy-
HOCTBIO, TIPOCTOTOH YTeHHA H GLICTPOTOM 3aNOMHHAHHA B X0E PaGOTH C HIM.
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I'pach 0GBIYHO HCTIOMB3YIOT /UIS OTPAKEHHS OOWIEro MojAXoaa K pee-

HHIO 3a1a4H.

1. Tpad, usobpaxaomuii cxemy pasmemenus oGsextos. Hanpumep, ues-
TpansHoli ycans0sl  HeThipex muenosoueckux macex. HeobGxommmo
OT ueHTpankHON ycansObl (BEpUIMHM) MPONOKHTL BOIMOKHBIC Map-
MWIPYTH! KO BCEM MYENOBOAYECKHM NACEKAM C yKasaHMeM Bioib pebep
pacctosuua. Mx Gyaer 24. B KkoHUe KaXIOro MapuIpyTa yKashiBaioT
cymmy paccrosmuit. HawmeHbiice pacCTOSHHE €CTh ONTHMANbHbIH
MapupyT (KpHTHIECKHii MyTh).

2. Tpad, otpaxawonmii peuenne normvecknx (KOMOWHATOPHAIX) 3a1ad,
CBA3AHEBIX ¢ nepefopom BapnanTos. Hanpuwmep, 3a1a4a 0 Ha3HAYEHHH
Ha JIO/KHOCTH OIHOTO M3 TpeX Yenosek. Bosmoxus 3 papuanta:

HAYANBHHK
NOAYHHEHHBIE

Tpad, oTpaxaiounit BHYHCIAHTENbHbIC npoueccu B sepmmny (kpy-
%OK) BIHCHIBaIOT OykBy, uudpy, onepaumio (+, -, *, /), BAONs CTPEOK
— 9HCNOBBIE XapAKTEPHCTHKH, HalbiBaeMsie kodd@uuuentamu. Taxoii
rpad MOXeET cosepkaTh pasnuukEe onepaunn: [) ciokenne, 2) BbH-
Taune, 3) yMHOKCHHE, 4) feneHue.

2)
X
x+y +y x= x=y

3) 4)

I'pad MoxeT pacnionaraThca CBEpXy BHH3 H HA06OPOT, CleBa HANPABO H
Hao6opot. [IpH BLINKCICHHH BHAYANE BHITOJHAIOT ONEPALHH NEPBOTO YPOB-
HA, TIOTOM BTOpOro M T. A. Hanpumep: x u y (k2) HACTPHT WEPCTH C ABYX
orap osen, Z(%) — 3abpakoBannas wacTs wepcTH. BuIXOA YHCTOH mepeTH
u =(x + y) » Z. Tpad pacyera BuxoAa YHCTOH WEPCTH:
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Kourpoasusie 3atanus
1. H300pasuts ¢ moMowsio rpada, CKONBKMMH CTOCOGAMH MOXHO BhI-
Gpath ABYX CMEUHAIMCTOB M3 HETHIPEX HENOBEK TaK, 4TOGH OMMH U3
HHX GbLT CTAPIIMM CIIELHATHCTOM.
2. Hauyeprute rpad) BEINHCIHTENBHOTO NPONUECCA LI CAOKEHHS
y=x;+x3+ x5+ Xy, NIpHUEM X, > x;> X3 > %, > 0.

3. OCHOBBI TEOPHY BEPOSSTHOCTEM
M MATEMATHYECKOH CTATHCTUKH

3.1. BeposTrocTs. Teopembi CI0KeHNs 1 YMHOKEHNS BePOSTHOCTEH
CTyAeHT I0/IKeH IHATE NIOHATHA: COOBITHE, HACTOTA H BEPOATHOCTH TOAB-
JIEHHA COOBITHS, COBMECTHBIE H HECOBMECTHBIC COOITHA, TIONHAS BEPOATHOCTS;
TEOpeMy CIOKEHUS BEPOATHOCTEH; TeOpeMy YMHOKEHHS BEpOSTHOCTEH.
CTynenT ioJKen yMeTh: HAXOMMTh BEPOATHOCTL B NpocTelilmiX 3anayax,
HMCTIONB3YA KAACCHYECKOE ONpENeeHHe BEPOATHOCTEMH; peiaTh 3a/a4n ¢ NpH-
MEHEHHEM TEOPEMBI CIIOKEHHA BEPOATHOCTEH /UL HECOBMECTHBIX COOBITHIA.
MpakTuyeckne 3ansTas. Pemenye npocTeluuX 3a1a4 HA ONpeneieHne
BEPOATHOCTEH ¢ HCTIONB30BAHMEM TCOPEMbI CIOKEHHS BEPOSTHOCTEH.
Jlurepatypa: JI-3, c. 162...172; JI-4, c. 352...383.

MeToanYeckne yKasaHus

O3HaKOMBTECH C OCHOBHBIMM TIOHATHAMM TeOpHH BeposTHOCTel. Hayun-
TeCh HAXOAHTL BEPOATHOCTS B MPOCTEMIIMX 3a7a9aX H NOB3OBATHCA TeOpeMa-
MH CTIOXKEHHA ¥ YMHOKCHHS BEPOATHOCTE. BHINONHUTE KOHTPOJIBHBIC 3aNaHHS.

Cnyuaiinsie cobvimun. Bepoamnocms cobsimus. Teopus BepOsTHOCTEH —
370 MaTeMaTHYeCKas HayKa, KOTOPAs W3ydaeT 3aKOHOMEPHOCTH B CIyMAMHBIX
coBuTHAX. K OCHOBHEIM TIOHSTHAM TEOPHH BEPOATHOCTEH OTHOCATCA HCTBITA-
HUA H COOBITHA.

oa ucnsimanuem (OMBLITOM) NOHHMAIOT PEATH3ALMIO TAHHOTO KOMILIEKC
YCJIOBHI, B pe3y/bTaTe KOTOPOro HenpeMmeHHO Mpou3oiier xakoe-nuGo cobbi-
Tie. Hanpumep, Gpocanne MOHETH! — HCTIbITaHKE; NOsBEHHE repba i wHppPs!
— cobuiTHe.

Cayuaiinsim HassiBaeTca CoGITHE, CBAZAHHOE C JAHHBIM HCTIBITAHHEM, KO-
TOPOE NPH OCYIIECTRICHHM HCILITAHMA MOKET NPOMIONTH, & MOXKET H He Ipo-
w3oiti. Clioso «cityyafinoen JUiA KPaTKOCTH YacTO OMYCKAKOT.H FOBOPAT IPOCTO
«cobbirien. Hanpimep, BLICTPE/I 1O HeNH — ITO OMbIT, Cy4aiiubie cOOHITHS B
ITOM OITbITE — NONANAHHE B Le/Tb HIH NPOMAX. e

CobbiTHe B NAHHBIX YCIOBHAX HAILIBAIOTCH DOCIIOGEPHBIM, ECIH B PE3yib-
TaTe ONBITA OHO HEMPEMEHHO AOMKHO NPOHIONTH, U HEBOIMONCHBLM, CCITH OHO
3aBeZIOMO He npowsoiizier. Hanpusep, suinaneniue He Goee mecTH 04KOB NPH
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6pocaHHu OfIHON MIPANbHON KOCTH — IOCTOBEPHOE COGLITHE; BhiTaneHse 7 04~
KOB TipH GPOCAHIN OHOM HIPANBHON KOCTH — HEBOIMOXKHOE COBBITHE.

CobuITHA Ha3kIBAIOTCA HECOSMECMHBIMG, €CNU HHKakne ABa M3 HHX HE
MOTYT NOABNATECA BMecTe. Hanpumep, nomamanme # npoMax, NpH OAHOM Bbi-
CTpene — 3TO HECOBMECTHEIE COGLITHA.

CoBbITHA HA3BIBAIOTCA PAGHOSOIMONCHSIMY, ECIIA HH OIHO M3 HHX HE AB-
nAeTCca o6BEXTUBHO Bonee BOIMOKHBIM, ueM apyrue. Hanpumep, npx GpocaHni
MOHETHI BIIANCHHE Tep6a WM HCE — COBLITHA PABHOBOIMOXKHbIE.

TOBOPAT, YTO HECKOMBKO COGHITHII B maHHOM omsiTe 06pasyloT MOAHYIO
cHCTEMY COOBITHI, €CAH B pe3yNbTate OMBITE HENPEMEHHO NOMKHO NPOM3OHTH
xoTa 61 0o U3 HHX. Hanpumep, npn GpocaHud HFpaAbHOM KOCTH COOMTHS,
COCTOAWAE B BOIIAASHHH OJIHOTO, ABYX, TPEX, HETHIPEX, TATH H IIECTH OUKOB,
00pasyloT NONHYIo cucTeMy cobitui. [lycts A — cayyaiinoe coGriTue, CBA3aH-
HO€ C HEKOTOPBIM ONHITOM. TTOBTOPHM ONEIT 7 Pa3 B ONHMX M TEX XK€ YCNOBHAX

m
M MyCTs NPH 3TOM CoObITHE A NoABUAOCH m pa3. OTROLIEAHE - HAIGIGAEMCR

wacmomoit cobetmus A. TIpH MHOTOKPaTROM MOBTOPEHHHU OMBITA HACTOTA CO-
GBTHA MPMHHMAET 3HAYeHHA, GAU3KHE K HEKOTOPOMY MOCTOAHHOMY YHCHY.
Yucnosas Mepa CTeneHH 0GbeKTHBHONH BO3MOXHOCTH COGBITHA — 3TO BepoAT-
HOCTh COGLITHA. BepoaTHOCT CoGbITH 4 0603HauaeTcs P (4).

TlycTh W3 CHCTEMbl 7 HECOBMECTHEIX PABHOBO3MOXHBIX HCXOHOB
HCNBITAHUA 1 HCXOROB GnaronpuaTcTRyioT cobuithio A. Tozoa sepoamrno-
CImbi0 cobsmun A HA3HBAIOT OTHOLIEHHE m YHCHIA HCXOHOB, BraronpusTcT-
ByloWHX COGBITHIO A K uMCly BCEX HCXOHNOB LAHHOTO HCMBITAHHR:

P(A )—-’3. Ecau A - cyualinoe cobsrrie, Tom <nu P (4) <I;

3ta $opMyna HOCHT HA3BAHHE KAACCUMECKOZ0 OMPEDENEHUR 6epoAm-
#ocmu. Ecnu B — pocrosepHoe (UM HEBO3IMOXKHOE) COGHTHE, TO m = n B
P (B) = 1 (m=0, P (B} = 0). TakuM o6pa3oM, BepOATHOCTE COGEITHA 32KMIO-
vaetca B CAeRyWMX npeaenax: 0 S P (A) < 1.

Hesaeucumocms cayuaitnsx cobsimuii. CobeiTne B HaIRIBAOT He3a-
BHCHMBIM OT COBLITHA A, eCIIH NOABREHNE COBLITHI A He H3MEHHT BEPOAT-
HocTH cobkiTHA B. Ecin cobbiTHe B He 3aBHCHT OT cOGHITHA ‘A, TO H cOGb-
THe A He 33BHCUT oT co0piTHA B; 3T0 03Ha4aeT, 4TO CBOHCTBO HEIABHCUMO-
CTH B33MMHO. Heckonbko cOBLITHI HA3LIBAIOT MONAPHO HEIABHCHMBIM, €CITH
KakIble ABA COOBITHA HE3aBHCHMSL.

Cymmoit A + B nByx colrrruit A i B wasbipaeTcs cobuiTie, cocTosmee B
NoABNEHMH COBLITHA A, WK cobkiTus B, wimm oGoux d>THX cobuit. Hanpumep,
€CIIH M3 OY/UHA NPOM3BENCHbI JIBA BEICTPENA B A — NONASAHHE NPH NEPBOM Bhi-
c1pene, B — nonaganme npu BTOPOM BicTpene, 70 A + B — nonajande NpH nep-
BOM BBICTpEne, HWIN fIPH BTOPOM, WiH 8 060w BeicTpenax. Ecnn cobrtua A n B
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— HECOBMECTHRIE, TO A + B — coBhiTHE, COCTOAILCE B NOABJIEHHH OHOIO H3 ITHX
©coBbITHH, Ge3PAITHIHO KAKOro.

Teopema. BeposTHOCTS NOSBNCHHA ONHOTO M3 JBYX MECOBMECTHMBIX
cobeiThil, Ge3pa3nHO KaKoro, pasia cyMMe BeposTHOCTeH T cobbITHi:

P(A+B)=P(A)+ P(B).

Hpoussedenuem npyx coGutuli A u B HaswBaior cobuiTHe AB, cocTos-
liee B COBMECTHOM TOSBICHHH THX coGhiThil. Hanpumep, ecnu A — nerans
roaxas, B — aerans oKpamenHas, To AB — fieTans roAHa M OKpaleHa.

Yenoenoit sepoamnocmeio P, (B) Ha3wiBaioT BeposTHOCTS coGuITHA B,
BHIYHCJICHHYIO B TIPEANIONOKEHNH, 4TO COBbiTHE A yike HACTYNHAO. VCIOB-
Has BEPOATHOCTH COOLITHA B npH yC/10BMH, uTO COBBITHE A yke HacTymuio,
10 Ope/IeNIeHIio, PaBHa: i)

P(4B
P8I0

Teopema. BepoaTHOCTL COBMECTHOIO MOSBAEHHS ABYX coGhiTHi pasHa
TIPOH3BECHHIO BEPOATHOCTH OMHOTO M3 HHX H3 YCJIOBHYIO BEPOATHOCTH
APYTOrO, BHYHCACHHYIO B IPE/UIOKEHNH, 4TO NepBOE COBRTHE HACTYMHIO:

P(AB)=P(A)-P(B).

(P(4)>0).

Tpumepsr.

1. B smmxe umeercs 50 oNMHAKOBHIX AeTasiedl, H3 HHX 5 OKPAIEHHBIX.
Haynawy summmalor oasy aetans. Haittn seposthocTs TOro, uro
M3BACUCHHAA [ETANL OKAXETCH OKPAIEHHOMH.

Pewenne. P= MR 0.l.

2. VHacTHHKH xepeObeBKH TAHYT H3 ALIMKA KETOHM C HOMepaMH ot | 10
100. Haifh BEpOATHOCTH TOTO, HTO HOMEp NEPBOTO, Hayaauyy H3BJe-
YEHHOIO XEeTOHA, He COACPXKHT WHPpPHI 5.

Pewenne. H3 ancen ot 1 o 100 copepkar sucno 5 aeBsTHAAUATH

uncen. He conepxut uncno nares — 81 uucno. Torna P = -l%% =081.

3. B ypne 30 mapos: 10 xpachsix, 5 cumux u 15 Genmx. Haittn pepost-
HOCTB MOSBJICHHA UBETHOTO 1apa (KPacHOro HiH CHHEro).
Pemenne. BepOlTHOC'l'l TNOABIACHHA KpacHoro mapa

P(Al=%=§, CHHero wapa: P(B)=]—‘;=£ Cobumhs A i B weco-

BMECTHMAI. TCDPC’MB C/IOKCHHA NIpHEMIEMa
T A
P(A+B)=P(A)+P(B)=~+1_1
( )=P(A4)+P(B) i
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4. Y cGopuuika HMeeTcs 3 KOHYCHBIX W 7 nHITHIeCKHX Banukos. CGop-
MK B3AN OAMH BANMK, a 3aTeM Bropoii. Haliti BepoaTHOCTH TOrO, 4TO
TiepBLIi W3 B3ATHIX BAIHKOB KOHYCHBIM, 3 BTOPOH — JIHITHYECKHHA.

Pemenne. BepoaTHOCTE TOrO, 4TO NEPBbIH BANHK OKAKETCH KOHYC-

3
HBIM P(A)=ﬁ)- . BeposTHOCTL TOTO, 4TO BTOPOH BANHK OKaXeTcs
INNHATHYECKAM, CYHTAR 4TO NEPBEIH BATHK — KOHYCHBIH, T.€. YCIOBHAs
7
sepostHocts: P, (B )=;. Mo Teopeme yMHOXKEHHS, HCKOMaR BEpoO-

3702
P(B)=P(A)P(B)=—--L=L
arnocrs P, (B)=P(A)-P(B) 70930

KouTposibibie BONPOCh! M 3a1aHHs

Y10 u3yyaer TEOPHS BEPOSTHOCTEH?

TpuBeuTe NPHMEPH! CAyHANHLIX BEAHIHH.

PaccuuTaiite BEPOATHOCTB TOFO, 4TO M3 10 WAPOB, NOMEIUIEHHLIX B Me-
oK, GyeT BHITANIEH KPACHSIH, €CIH B MEIKE COAEPKHUTCK 4 KPaCHBIX
wapa u3 6 3enenbix. Kakopa BepoATHOCTS, ¥T0 wap Gyaer senenbim?

4. Crpenok crpenser mo Mumiens, pasjenenxoii Ha 3 ofnactu. Bepoar-
HOCTS MONARAHKA B NepByio obnacts 0,45, Bo BTOpYI0 0,35. Hality Be-
POATHOCTS TOTO, 4TO CTPENOK NPH OXHOM BLICTpErne momajaer AuGo B
nepayio, MG BO BTOPYIO 06NacTs,

S e

3.2 Caryqaitnas BeIHIHHA, ee QYRKIUNS pacnpeneneHns
CTyeHT 10/7KeH IHATE: CNI0COGk! 3aaHHA CyqaiHON BeNHIHHbY onpe-
NeNeHUA HENpephIBHOM i AMCKPETHON ciydaliHbiX BeNHHH; 3aKOH pacrpesne-
JICHAR CITyHaHHON BETHIHHBL
CTyNeHT A0/MKEH YMETh: CTPOHTb DAL pacpeNiesicHis cyqaiHol Benn-
HMHBI; HAXOAHTS (PYHKLIMIO pacTpesieNieHia City aiHOM Be/THTHHLL
TpakTuyeckoe 3ansTe. [10 3a1aHHOMY YCTOBHIO NIOCTPOKTE 33KOH pac-

NpeAeeHHA MCKPETHOH CyaiHON BETHIHHEL
Jiuvepatypa: JI-3, c. 385...388; JI-4, c. 172...176.

MeToauuecKkne yKasauus

(O3HAKOMBTECH C TIOHATHAMH Cry9aiiHol BelHduHLl M HX Bumam. Hayun-

Tech NMONB3IOBATHCA JAKOHOM PaCTIPEE/eHHA Cay4alHOM BETHYMHE! HA NpHME-
Pax KOHKPETHBIX 3184,

Cayuainas senusuna. Cayuaiinoii Ha3bIBAIOT BEHIHHY, KOTOPas B pe-

JyNBTATE HCTIBITAHKMA NIPHMET O/IHO M TOJIBKO O/IHO BOSMOXHOE SHAYCHHE, HAne-

PEN HEW3BECTHOE W 3aBHCAIEE OT CAy4alfHBIX NDHYHH, KOTOphie 3apanee He
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MoryT GbiTh yurensl. Hanpisep, unciio 6pakoBaHnbix namnodex cpemn 10 kyn-
JIEHHBIX €CTh C/lydalHas BENHYHHA, KOTOPAs HMEST CHeYIOUHE BOIMOKHBIE
snavenne: 0, 1, 2,...,10. Ciyyafiubie Beanunnbl 0603HAYAIOTCA TPONHCHBIMH
Oyxsamu naruuckoro andasura: X, ¥, Z u T.A., @ UX 3HAYCHHA — COOTBETCT-
BYIOUUHMMH CTPOYHLIMM GyKBaMH X, ¥, 2 M T

Curyuaitias BEJIMMHHA HAIBIBACTCH OMCKPEMMNOI, eCIIH MHOKECTBO € 3Ha-
HeHHH KOHEYHO WIH CYETHO, TO CTh MHOKECTBO ee 3HaueHuil mpejcTaBiseT
coBOM KOHEHHYIO TOCHCAOBATENBHOCTE X}, Xy, ...X, WK GECKOHEYHYIO NOC/EN0-
BATENBHOCTE X/, X, . Xy..o

Henpepuienoi HaiuiBaloT CyuaiHyio BEAHYHHY, KOTOPAS MOXKET NpH-
HHMAaTh BCE 3HAYEHHA U3 HEKOTOPOro KOHEHYHOrO Wi GECKOHEHHOro MHO-
ecTBa. YMCI0 BOIMOKHBIX 3HAUeHNMH HenpephiBHON cayqaiinofl BenHIHHBI
GeckoreHo.

3akonom pacnpedenenusn cay4ainol §eAUMMNB! HAIBIBAIOT COOTBETCT-
BHE MEXIy BOIMOKHBIMH IHAYCHUAMI H HX BEPOATHOCTAMH. Ero MoxHo 3a-
napath TaGJHYHO, aHANHTHYECKH i rpaduyecky. Tabamynoe 3a1aHue 3aKOHA:

X X X3 > Xy

P P2 pi Pr

TAE X, X3, ...X, — BOIMOXKHOCTH 3HAYCHHA cyqaiHoH Benwdanusl X;
P1, P2,.--Pn — BEPOSTHOCTH Caydalinoi senmynns X,
Cobwitna X =x;, X =x; .. X =x, — NOJHA% CHCTEMA MONAPHO HECO-
BMECTHMBIX COBBITHIT, MOITOMY CyMMa HX BEpOSTHOCTElR pasHa |.

Pr+ pa+..+pa= 1.

Mpumep. B usnarenscree peinymweno 100 kuur no osuesoactsy. Jlore-
peeii paspirpansl oana kuura B 500 py6. u 10 no 10 py6. Haitri 3akon pac-
npeaencHs Cay4aiHON BETHYHHBI X — BOIMOXKHOI'O BBIHIPHILIA ONHOH KHHIH.

Pemenue. Boamoxnbl suadenus x:  x; = 500, x; = 10 ,x; = 0. Bepo-
atHocTH: p;=0,01; p; =0,1; ps=I~(p;+ p2) = 0,89.

3aKkoH pacnpe/ieeHua:

X 500 10 0

0,01 0,1 0,89

Dyukyuei pacnpedenenus cAyIainol seAuNUNS HAIHBAIOT QyHKLIIO
F(x), onpesiesionyio BepOATHOCT TOrO, 4TO cyuaiinas Benuduna X B pe-
3yJITATE HCNIBITAHHA NPHMET 3HAYCHHE, MEHbLIEE X, TO ecTh F(x) = P(X<x).
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OBLWNE METOANYECKUE YKA3AHNA

Maremarika — OfHA M3 CaMBIX BaX(HbIX QyHAaMeHTaNbHLIX Hayk. B amoxy
KOMNLIOTEPH3ALMA 3HAYHTENHLHO PACIIAPAETCH 06MACTE NPHMEHCHNA TEOPETH-
Yeckoi H BRIMHCTUTENLHOR MATEMATHKH.

MeTonmuecKne yKasaHus CTaBAT CBOEH LIEIBIO 0KA3aTh NOMOWb CTY/IeHTAM
3204HOH opMbI 0BYUEHHS B OPraHH3aLN CAMOCTOATENbHOR PaGoTH! no oBnaze-
HHIO CHCTEMOH 3HAaHWH, YMEHHH, HaBbIKOB B 00beMe HelicTBYIOMEH APOrpaMMbl.
CTyHeHTaM peKOMEHITYETCS H3YuaTh MATEPHAN 1O CIE/IYIOMEH METONHKeE:

1. O3HakOMHTECA C CONEPKAHHEM NPOIPAMMBL, MPOCMOTPETh PEKOMEH-

JHyeMuie yueOubie nocobus.
BuiGpare 1—2 yueGHHKa 10 KYPCY MM 10 TEME B KaYECTRBE OCHOBHBIX.
Hsyunte MaTepHal [0 AAHHBIM METOMMECKHM YKa3aHMAM, NOHATH
ONOpHBIC TEPMHHEI, TEOPEMbL, 3ANIOMHHTE GOPMYIL, pasofpatics B
PeIeHHAX TeX 3amad, KOTOPhIE MPHBOMNTCA B NAHHBIX YKA3aHUWAX K
Kaxpoit Teme. .

4. Viayuuts COOTBETCTRYIOIHI MaTepHan Kypca no yHeGHHKY, COCTABHTD

€10 KOHCTIEKT.

5. OTBeTHTH Ha BONPOCH H BEINOJHMTL YNPaOKHEHWA, NPHBEACHHHE B

KOHUE KXKAOH TEMbI AaHHLIX METOAHYECKHX YKa3aHHMA.

K BbINONHEHHIO KOHTPONLHON paGoThi ClieNyeT MpHCTYNaTh TONBKO MOCle
OBRAfeHHA COOTBETCTBYIOUIHM MaTephanoM. [Ipi BHNONHEHMH KOHTPOIBHON
PaboTht CNERyET PYKOBOICTBORATHCA CIEYIOMIMMH YKa3aHHAMM:

1. Kontponsuyo paboTy BHNONHAIOT B OTAENLHOH TETPalH HIKONLHOIO
¢dopMata B KIeTKY. CllelyeT MPOHYMEPOBaTh CTPaHHLE H OCTABHTH Ha
HHX [0/1A He MeHee 3 ¢M [ 3aMeuaniii penoasaTens.

2. Ha o6noxke TeTpanu NOMKeH OBIT, NPHKJEOH THTYNBHBIH NHCT yT-
BEPXKIEHHOTO 0Gpa3ila H 3aNONHEH 1O popme.

3. PaGoTy BLINOMHAOT YEPHUNAMH OIHOTO LIBETA, AKKYPATHO, pasbopuuBo.

4. Kaxnaoe 3aianue BHINONHAOT ¢ HOBOW CTPAHHLEL

5. PeweHns 3ajay XKeNaTeNbHO PACTIONATaTh B NOPANKE HOMEPOB, yKa-
32HHBIX B 32/1AHHU.

6. YcnopHs 320a4 HEOGXOAMMO NEPENMHCHIBATE MONHOCTEO B KOHTPOb-
HYIO TETpallh.

2.
3.
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KoHTpONLHBIC 38AaHHA
1. Urpanshaa kocts Gpowena 3 pasa. Hamucarh 3akoH pacnpeneneHus
YHCNA MIOABNEHAA WeCTEPKH.
2. CocTaBuTh 33KOH pacripeeNeHn BepOSTHOCTEH YHCIA HOABIEHHA CO-
65THA A B TPEX HEIABHCHMBIX HCIBITAHHAX, ECIH BEPOATHOCTS NOABIC-
HHA COGHITHA B KOXA0M HCITHTaHHH pabHa 0,6.

3.3 MaTeMaTHYeCKOE GKHIaHNE H AHCTICPCHA CTYYaiiHOH BETHYHHL

CTyZIeHT A0/IKeN 3HATh: ONPE/IeNeHHe MaTeMATHYECKOO OXMIAH}S, ANC-
MEPCHH IHCKPETHOMN CydafiHON BeMuHHBI, CPe/Hee KBAAPATHIROS OTKJIOHE-
HHe chyuainol BeTHIMHbL.

CTYNEHT OMKEH YMeTh: HAXOIATh MaTeMaTH4eCKOe OKWIaHue H JIHMC-
MepCHIO CyHAHHOH BEHIHHBL 110 JANAHHOMY 3AKOHY ¢ pacnipefieNeHs; Haxo-
T Cpeliee KBAAPATHIHOE OTKNOREHNE CITYHalHOH BeTHIHHEL

MpakTuueckoe 3anaTHe. HaxOXAEHHE MATEMATHIECKOro OKHARHHUA,
JWCTIEPCHY M CPEARETO KBAAPATHUHOTO OTKIOHEHUA JMCKpeTHOH chyyaitHoR
‘BENHYBHBL, 3a0aHHOI 3KOHOM PacTpeneneHiA.

Jiurepatypa: JI-3, . 389...395; J1-4, ¢. 176...179.

MeToanuecKHe yKasaHHA

O3HAKOMBTECH C ONPEACNCHUAMH MATEMATHYECKOTO OXHIAHMA, AHCIEP-
CHM ¥ CPEIHETO KBANPATHAHOLO OTKSIOHEHH NUCKPETHOH CIydaifHol BeJIUYH-
He1. HayduTech nofb308aTscA GoPMyTamMu B DEHICHHH KOHKPETHBIX 3a1a4.

KpoMe 32KoHa pacnpeenenits, KOTOPHil TaeT NOMHOe NPEACTABIERUE O
CltyualtHOM BeMIHHE, YACTO HCRONB3YIOT YHCHA, KOTOPHIE OMUCHBAIT CY-
vaiikyio BENHMMHY CyMMapHO. TakHe Uncna HaskBAIOT YHCAOEBIME XapaK-
mepucmuxamu caysaiinoii eentuussl. K HUM OTHOCATCA MaTeMaTHqeckoe
OKHMN2HMeE, AUCNEPCHS H CPEIHEE KBaAPaTHHHOE OTK/OHEeHMe AHCKPETHOM
chyyaiiHo#H BeNHYHHbI.

Mamemamuneckum oxcudaues (M) THCKPETHON BENHYHHBL Ha3bIBA-
0T CyMMy MpOU3BEAEHHH BCEX €€ BOIMOXHBIX 3HAUEHHI, YMHOMEHHbIX Ha
HX BEPORTHOCTH.

M(x)=xip; + %Py + oot XaPn = L5100
=1

e X;— 3HaueHue cAyuaHHOI BENHUHHLL, p; — BEPOATHOCTD CIyHalHOM
BETHUHHLL.

Yacto TpeGyeTcs OLEHHMTH PacceAHHe BOIMOXHbIX JHadeHHA ciyyah-
HOU BETHUHEL! BOKPYT €10 CPEAHEro 3HAYCHHUS. Hucnepcueii (pacceanuem)
D(x) cny4alinoli BeNHUHHBI Ha3B(BAKOT MATEMATUYECKOE OXHAANHE KBALpaTa
OTKNOHEHUA CNy4allHO¥ BENHYHHBI OT €€ MATEMaTHYECKOTO OXHAAHUA:
D(X) = M{X-M(X)]* . :
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@opmMyna s BHMHCACHHA Ancepcn D(X) = M(X)-[M(X)].
Caolicmea Mamemamuueckozo 0JCUOARUA U JuCREpCUL:

1. M(C) = C, c—const 1. D(C) = O, c—const

2. M(CX) = CM(X) 2. D(CX) = C*D(X), c-const
3. M(XV)=M(X) « M(V) 3. D(X+V) =D(X) + D(V)
4. M(X+M) = M(X) + M(V) 4. D(X-V) = D(X) + D(V)

Cpednum Keadpamuunsim omxnonenuem (o (x)) ciysaliHol BenHINHE X
HAILIBAIOT KBANPATHBI KOPeHb 3 aucnepcni: o(x )=~/D( X ) .
McenenoBakie BapHAUMOHHBIX CTATHCTHYECKHX PAJIOB PACCMOTPHM HA

npHMepe.
Mau auckpeTHbil BapHaUHOHHBIA paa

X 1 4 6

N 10 15 25

Ine X {x;, x3 X3}~ XapaxTepHCTHKH C/Ty4aiHON BeAHIHHE X,
N {nl, n2 ,n3] - 9acToTH NOSBIEHNUS JNEMEHTOB B BLIGOpKE.
TposecT KCCe0BaRKE JHCKPETHOrO BapHALMOHHOTO pana: 1) HaiiTi

0GBEM BEIGOPKH, 2) COCTABHMTH 3AKOH pacnpeneNerus cyyalinoft seawnnbl Y,
3) HaliTH MATEMATHYECKOE OKMIANME, AHCIEPCHIO M CPE/HEe KBAIPATHIHOE

OTKJIOHCHHE.
Pemenue. 1) Haiiném oGbem BuIGOPKH: n = ny+np+n;=10+15+25=50.
2) Haiiném oTHocHTeNbHBIE 4acToThl: wy=10/50=1/5, wy=15/50=3/10,

wy=25/50 =1/2.
3akoH pacnpesencHia cryuaitHol Benwanas X npeactasnen Tabnnueit:

X 1 4 6
w 15 3/10 12

) Halia®m mMaTemMaTHueckoe OXHAAHHE, JIMCIEPCHIO H CpeaHee KBaApaTHY-
10€ OTKIOHEHHeE!
M=wx; +wxz + waxs=1/5 143/10 - 4+ 172 - 6=4/4;
D= wy (xi-M)® +wy (xz -M)*+ w3 (x; M) =
=1/5+(1-4,4) +3/10- (4-4,4) +1/2 - (6- 4,4)=3,64;

a(x)=yD(X) =364 =19
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Kontpoasusie 3apauns

1. HaliTi MaTeMaTHHecKOe ORHAAHHE, AUCTIGPCHIO H CPeAHee KBAXPATHY-
HOE OTKNOHEHHE CAYYaHHON BEJIHUHHBI, 3HAK 3aKOH €€ pacTipeneNeHus:

X 1 2 3 4
P 03 0.1 02 04

2. CpaBBATH AMCTIEPCHH CTYMANHBIX BEIMYHH, JAJAHHEIX JAKOHAMH pac-
npeaenenns:

X ~1 1 2 3 Y ~1 1 2 3

p | 048001009042 P |0,19| 051|025 | 0,05

4. OCHOBHBIE YHCJIEHHBIE METO/1bI

4.1 Ync/ienHoe HHTErpHpoBanne

CrynenT no/oKeH 3HATH: CTIOCOOR! MpecTaBnerus GyHKkimil B BuIe Nps-
MOYIONILHHKOB M Tpanemwil; gopmyy CHMICOHR; BLIPaKEHHA 14 Onpeaene-
HUA TPEJIeTbHLIX ABCOMOTHBIX MOrPELHOCTEH.

CTYIeHT OJIKeH YMETh: BHMMCIATE MHTErpasl 10 GOpMynam npaMo-
YrONbHHKOB, Tpaneunit # gopmyne Cumncona.

TIpakTiueckoe 3ansTHe. Berncienne HHTErpaios no GopMynam npamo-
YronbHIKOB, Tpanewnit u opmyne Cumncona. OUeHKa NOrPeNIHOCTH.

Jlureparypa: JI-3, c. 308...312; JI-4, c. 284...310.

Meroauyeckne yKasanus

Msyunre Bonpocs! npeicTasienns Gysxunii uepes GOpMyIs YHCIEHHOrO
HHTerpHpoBanui. M3yuute QopMmyibl NPAMOYTO/ILHHKOB, Tpanewni, gopmyry
CHMncoHa W OUEHKY MX NOrpemHOcTH. Haydurecs BLIYHCIATH HHTETpAIsl N0
ITHM (popMynam. BhINONHITE KOHTPONBHBIE JATAHMA.

Ha npakTiKe 4acTo BCTPEYAIOTCH WHTEIPATH, KOTOPhie HeMbas BHIPAIHTE
4epes eMenTapHbIe QYHKUHH HIH BLIPA3HTL OYeHb CTOAKHO. B atix crywasx
HHTErpanhi HAXONAT NPHOMIDKEHHHIMH METONAMH, B TOM YHCIE € HCNOIB30Ba-
HHEM METO/I0B 4HC/IEHHOTO HHTEIPHPOBAHHA.

TlpomexyTok wHTerpupoBanna (a,b) nemm touxamu x0, xI, x2, ...x(n~1)

2ol ,raea=x(0); b =x(b).

Yepes x (1/2), x (3/2), x (5/2...) 0G03HA“MM CEPE/HHBE OTPEIKOB YHACTKOB
(0, x1), (x1,x2), ...
Tlonaraem fix(0)) = y(0); £ (x(1/2)) = y(1/2); fix(3/2)) = ¥(3/2) ...

Ha n pasrbix qacTell. JUtuna kaxaol h= b
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¢apuy.nu NPAMOYZONBHUKOS:

lff(x)dx— 210+ y(@)+...+ y(n-1)]
2 jf(x)m”;“bq» )+ 4 5]

g/ jf(x)dx- Lly(1/2)+ y(3/2)+...+ y(n-1)r2))

Dopmyna mpaneyuii:

I
[ 7oy J%[M" y(l)+y(2)+...+y(n—l)]
;apu_wu Cumncona (napabonuseckux mpaneyuii):

ff( y,_ﬁ_“[_(‘ity(_"”(m W2)+ .t y(n-1)+

+2AW1/2)+ W3/ 2)% ..+ W(n~ 1)/2)]

Abcomomnan nozpewnocms paccauTHIBACTCA MO (POPMYNAM UHCICH-
HOTo HHTerpupoBanus (He Gonee):

Ml(s-a)’
2n
(6-a)’
24n*
M2(s-a)’
12n*
M4(s—a)’
180(2n)* *
rae Mn — nauGonbiuiee 3HadCHHE NPOMIBOAHKIX coorseTcTBeRHO | f(x)| Ha
otpeske [a; b].

Tpumep. Buruncants J N0 GopmynaM NPAMOYTONEHKKA ¥ Tpa-

1. Mo dopmynam npaMoyronsHukos 1 u 2

‘M2

2. Tlo $popmyne NpAMOYTOALHHKOB 3

3. Mo dopmyne Tpaneunit

4. Tlo ¢popmyne Cumncona

neuwu, rae n = 0. Ouel-mn NOTPEWHOCTS.
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- SR
Pewenwe: h= P— =——o =01.
n 10
Cocrasnsem TaGumily 3HAYEHHH NOAMHTErpaTbHON PyHKUMH:
1 o) 1 2 3 4 5 6 7 8 9 |10
X o] o1 02 | 03 04 05 | 06 | 07 08 | 09 (10
1
W= T 1 10,9901{0,96150,9174|0,8621 (0,8000|0,7353 (0,671 |0,60980.5525 (0,5
%

9 10
3y =70998; Y y;=7.5998
i=l

i=l
o dopmyne NpAMOYroALHHKOB 2:
1=0,1-75998 = 0,75998 .

Tlo dopmyne Tpanewmii:
1=0,1-(0,75 +7,0998) = 7,8498.
JAns OUEHKH NOrPEUIHOCTH mmleu
9 =3
X )=~ x 2
fi(x) i+ xj ), f(x)= Pk

HauGonsuiee 3navenne f'(l): o fo)=2.

ABCOMOTHAS NOrPeIHOCTH:
1. Tlo dopmyne npamoyronssukos — 0,0029.
2. Ilo dopmyne tpanewnii — 0,0017.

KonTpoasusie 3a1auns

I
1. Buuucnuts I no Gopmyaam npsMoyronbiukos | W mo

dx
21+x°)
dopmyne Cmncona HaiiTi norpemHocTs.

2. Bsumcauts I— npu n = 10 no Gopmynam NPAMOYroNLHHKOB.
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4.2 Uncaennoe auddepenunposanne

CTynenT gonKken 30aTh: HHTEpNONsUMOHHbE Gopymyst Hewotona; Tabmm-
Ly KOHEYHBIX pasHOCTE.

CTyzeHT A0MKeR yMeTh: 10 TaGIHYHBIM AGHHBIM HAXOAHTH AHATUTHYE-
CKOE BHIPAKEHHE NPOHIBOAHOH.

TpaxTuyeckoe sanntue. Haxoaenie NpOR3BOAHBIX: GyHKIIH B TOYKE X
110 3ananKol Tabnnuno dywkikm y = flx) MeTonoM YnCaeHHOrO AH(depeHi-
poBanya.

Jlurepatypa: JI-3, c. 304...308.

Meroanyeckne ykasanus
O3nakoMbTeCh C NPaBIIAME HHTEPTIONALHN KA OcHOBe Hopmyn Hiiotona,
Hayuutecs HaxoanTs Npom3BojHEIe GYHKIHH METOJOM YHCAEHHOTO Audde-

PeHUMPOBAHMS.
Humeproasyus — 570 NPOUECT ONPEACNCHAS /IS IANAHHOTO APryMe-

Ta x 3HAYEHHA PYHKUHH ¥ = f{x) 110 € HECKONBKHM H3BECTHBIM IHAYEHHAM.

Humepnonsuuonnas gpynkuus Heiomona. TIycts yo, v, ¥, ... 3Haue-
HHA Hexotopoll dyHkuMm y = fix), COOTBETCTBYIONIHE PABHOOTCTOAUIMM
IHAYCHHUAM APTYMEHTA Xg, X, X3, ... (M.€. Xpyy — X3 = A X3 = const).

Pa3HOCTH nepBoro nopsaka:

V1=Yo=&0, Y2=Y1=&Vp oo Yn=Yn-1=Dny
Pa3sHOCTH BTOPOTO MOPAAKa:
2
Ay, -4y =A%y, Ay, -Ay =A%y,
PasnocTy (n+1)-ro nopsnxa:
Aty -A"y, =AMy, A"y, -A"y =4y,
3nauenne aprymenta, GyHKIHM ¥ KoHedHble pasHocTn obpasylor Ta6-

JTHILY KOHEHHBIX pasHocTel.
TMocseaoBaTenbibie NOACTAHOBKH B GOPMYITH PASHOCTH AAIOT:

y.=(!+A)'y,=yn+nAy.+ﬂ';—Q

eciin n — moBoe YHeAo (n = t), TO NONAYUHM URMEPROARKUONHYIO POpMYAy
Hyiomona.
e~

Ay, 4. +4"y, ,

t 1 He-1)1-2 .
Y,=)'.+~i;Ay.+T)A’y,+—$A"y.+...+A Yo
TAK KaK x = x; + th, T0 ecTb | =%. T0 (OpMya NpHHUMAET BHI

- —x, x-x,~h
Yo=Y+ L hx" Ay,+-(—x—{%rl—)A’y,+...
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N8 OUEHKH TOrPELIHOCTH MHTEPNONAUMOHHLIX (opmyn HbloTona wc-
NONL3YIOT hopMyITy: 1
= AN Yo - -
R(x) (n+l)!l(l 1).(t=n).
B pa3nenax Bhicuiel MaTeMaTHKH TpuBefens! GopmMyabl npuGAHKEHHOTO
1uddepeHuHpoBanHA B TOUKE X, OCHOBAHHbBIC HA MHTEPTIONAUHOHHBIX (popMy-
nax HeloTona:

/3 | 1 1
Yi=q (& '54’}', ‘74'}’, +..)

1 11
}'f=7(41y. =Aly, +EA')',»----)

TMpumep. U3 Tabauubl HalTi 3ua4enue y npu x = 3,1, NoNb3ysch HH-
TepnoasuxonHOR dopmynoit HeoToHa, nocTpouts Qopmynsi nprbaHKeH-
Horo nuddepenunposanus. HaliTi nponssBoaHLIe # NOrpelIHOCTs B HX OMN-
peaeneHHn.

X 1 2 3 4 5 6 7
y 3 T 13 21 31 43 57

Pewmenne. Coctaum Tabaulty pasHoctel.

X 1 2 3 4 S 6 7
¥ 3 7 13 21 31 43 57

Ay 4 6 8 10 12 14

Ay 2 2 2

Aly 0 0 0 0
xp=3, makkak x = 3,1, h = I. Torna t=i-—x2

h
i1
y=y.+'Ay,+—‘l.2 Laty,;

y=13+0,/-3+°'i°-'z"J-2=1371.

HuTepnonsuMoHHEi MHOrOUAEH ANA 9ToH Tabnuus uMeer Bua (x = 3,/ o
y=13,71).
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y=3+(x—1)4+ﬂ)2(—"_—2)~2=x’ x4l

Haiigem mpHGAWXERHEIE 3HAYCHHA V'; U y*"; BeMauH y'(x; ) u y"(xy) (h =1):
L1 1., i
== Ay, ——A ={8~-=-2|=7
i h( Yy 2 .V,] ( 3 )

V=L (aty - a%y,)=(2-0)-2

W
TlorpentHocTE NpH BLIYKCICHUH y'; paBHa (t = 0,1)
H
[Rex)s Az/y"o,l(o,l—u:%om ~009

CpaBHMM € 2HATHTHYECKUM BEITHCISHHEM NIPOHIBOMHBIX QYHKIUMH:
y=xltx+l; y'=2x+1; x=31; yx=2-31+1=71
PacueTsl BepHbI.

KonTponsubie 3anauns

Coctasuth TaGAHily KOHEHBIX Pa3HOCTeH, MPHONHAXEHHO BRITHCAWTL
3HaueHna QYHKIMH ¥ €¢ NPOM3BOAWMX B Toyke X = 2,2. Haltrh morpemr-
HOCTB, €CIM GYHKUNA 33a7aHa TaGNHUEH:

X 1 3 5 7 9 13

v —-4 -16 4 104 332 736

4.3 Uncnennoe petiedie 06bIKHOBERHBIX
AnddepeHunanbubIX ypasHeHnit

CryneHT go/mken 3HaTs: MeTon Diiepa 1A pemienna 3anaun Kommu,

CTyneRT Jo/xen yMeTh: HAXOMHTh 3HaueHWe QYHKUHW, onpenenseMoe
3anaBHLIM THGGEPSHIMATLELIM YPABHEHHEM H HaUaTbHLIMH YCIOBUAMH C HC-
NoNB30BAHIEM METOAA Ditnepa.

TpakThueckoe sanaTie. Haxoxaenne 3HaueHus GyHKUMM ¢ HCRONB30-
BaHMeM MeToAa Diinepa.

JlurepaTypa: JI-1, . 425...431; JI-3, ¢c. 146...47. R

Meroanueckue yxasauus

O3HakoMbTECh ¢ NPaBHIAMH YHC/ICHHORO pewedns OGbIKHOBEHHbIX And-
epeHIHanBHEIX YpasHeHuH Ha TpAMepe MeTona Ditnepa. Hayuntecs Haxonuts
3Haverne GYHKUMH C HCTONB30BAHHEM MeTona Diiepa.
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Hunddepenumansroe ypasuenne y’ = f{x,y) OnNpeaeseT Ha IIOCKOCTH N0~

Jie HANpaBNeHHH, TO €CTh B KaXk/I0H TOMKE IUIOCKOCTH, B KOTOPOH CymecTsyeT
dynxuns fx,y), 301aH0 HANpaR/ICHHE WHTETPATLHON KPHBOH YPABHEHIS, TPOXO/IA-
ek yepes 3ty Touxy. Ilycrs Tpebyercs permTs sazaqy Koumm, To ects Haifi peue-
Hie ypaBHenns )’ = flx )), yAORIETBOPSIOMIEE HAYATLHOMY YCIOBHIO V(Xg) = Y.
K

Pasnenum. o1pesok [xp X] Ha n paBHBIX HacTedt M MONOKHM 7 =h

(h — war u3sMmeHeHus aprymenTa). JIONyCTHM, YTO BHYTPH 3MEMEHTaPHOIO Npo-
MEXYTKA OT Xp 110 X, +h (QyHKUHR y’ COXpansieT NOCTOAHHOE 3HaueHHE fXpY0).
Torma v, — y, = h- f( x,,¥, ), vie y, — 3HaueHne HCKOMOH QyHKIIH, COOTBET-
CTBYIOlIEE 3HAYCHUIO X; = Xp + h. Otciona nonyuaem y, =V, +h- f( %, 5, ).
TToBTOpsAA 3Ty ONEPALHIO, NOJTYHM NOC/EOBATEILHBIC SHAYCHHA (BYHKLHM:

Ve= Yot f(xu3)s o= pa ke [, 32)s Vea = Yo+ b f( 3030 )

Takum 06pa3oM, MOKHO NPHOIIKCHHO TOCTPOHTL WHMEZPAALHYIO
Kpu6yI0 B BHJIE IOMAHHOH C BEPUIHHAMH

My(xe; yo), 20€ xp1=Xp+AXe, Yia1 = yi+ hf (X i)

DTOT METOA HAIBIBACTCA METONIOM JIOMAHHBIX Diinepa, WK NMPocTo Me-
modom Jiinepa.

Tpumep. Metoom Ditnepa naiTi yeThipe 3HaueHHA YHKUHH Y, onpe-
nensemoit ypasHenneM y' =x + y, Npu HauanbHOM ycnosuu y(0) = /, nona-
rash =01

Pemenne. 3navenns aprymenta xp = 0, x; = 0,1, x; = 0,2 x; = 0,3 non-
crasnsiem B (POPMY.IBI MOC/HENOBATENBHBIX SHAUCHNN (YHKUHH W NONydaeM
TaGJIHLLy, 10 KOTOPOH MOXKHO NOCTPOHTH HHTErPATbHYIO KPHBYIO.

* 4
0 1
0,1 L1
0.2 1,22
0,36 1,36
04 1,52
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EKTOPMIO IBWKEHAR TENa, TO €CTh!

KonTpo/ibHbIe 3aanKuA
MetonoM Jifnepa natity 3nauerus GyHxuni y:

1L y=lrx 4yt

2. Y=+
=2 2

3. Y=y

W) =1
»0) =0

I2)=4;

k=01
h=01

h=01

KOHTPOJIbHAAL PABOTA

Kontposibhad paGoTa CONEPRHT 3aAaHHS, HOMEpAa KOTODHIX YKa3aHM B
Tabilie pacnpenieneHs KOHTPOTbHLIX 3anakuik No Bapuantam (cM. [puioxe-
Hue). PaGoTy BIMOAHAOT 1O ABYM NOCHEAHHM Linippam mikdpa.

3anaHuA KOHTPOIBLHOH paboTsI

3anauns 1 -20.

JlsirkeHre Tena Ha IWIOCKOCTH 3a1aH0 pynkunel y = fix). Usyurs tpa-

1. Uccnenosats pysxmao y = £( x ). 2. Moctponts rpadux dysxmm y = f( x }.

1

2.

10.

y=x-3x2

2_ 4
6x°—
y= XTTXx

9
y= x—l)z(x+2)
y= (x—l)2 (x+4)
4

4
=X 2
=i——2x
a”

y= (x——4)2(x~5)

y=x3egx?-3x+6

11.

12

18.

19.

20.

y=x4-8x2-9
y=xf-2x2+5
y=r’—x
y=xt-3x242x+1

y=(x+1f(x-2)

y=3x -x

13 5.2
==x3-x2+Z
¥y X 3
y=%xz+'2

1
=ix-4
Y73

y=-2x2+4x
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7. Mepresu CreayeT BLITNONHATH KaPAHIAMOM C HCHOMLIOBAHHEM Hep-
TEKHBIX HHCTPYMEHTOB, AKKYPaTHO, cobmonas macurab.

8. Peuwienus 3a1a4 OMKHB CONPOBOKNATECA KPATKHMHM, HO 0GOCHOBaH-
HBIMH NOACHEHHAMM, HCTIO/LIyeMBbie (OPMYITBI HYKHO BHIITHCKIBATS.

9. B xoHue paboTsi CNEAYET YKa3aTh CHCOK NMTEPATYPhI, NOCTABHTS Aa-
Ty BLINIOJIHEHHA H TIOAMHCH.

10. Kowtponshas paGota n0mkHa ObiTh BHIIONHEHA B CPOK B COOTBETCT-
BHH C yueOHLIM MUIaHOM-TpadiuKoM.

11. Pabota, BHINOJHEHHAR HE MO CBOEMY BAPHAHTY, HE YUMTHIBACTCH M
BO3BPALLAETCSH CTYACHTY Ge3 peteH3um.

MPHMEPHBIA TEMATHYECKHH IJIAH

Kon-80 sacos npi
04HOH dopme obyucHus
HaumenoBanme pasacios u Tem B ToM “mcie
Beero | npakriieckux
3aRsTHi
1 2 3
Baenenne
Paaen 1. Marematnueckuli anaimns * -
Tema 1.1 JlndipepeHumancioe # HHTErPAILHOE HCHHCICHHE 10 4
Tema 1.2 OBuikHoBcinbie HPPEPCHIMATLIEIC YPABHEHHS 4 2
Tema 1.3 Jindeperunansibic ypanHEHHS B YaCTHBIX 1IPO- 2 2
HIBOAHBIX
Tema 1.4 Peast 4 2
Pasaen 2. OcHoBbI ANCKPETHON MATEMATHKH 6
Tema 2.1 Muoxecrsa u otowesus. Crofictsa oTHowmenui, 4
Onepaumn Ht MHOKECTBIMH
Tema 2.2 OcHOBHRIC IORKTHA TCOPHH rpaon 2
Pazaen 3. Ockosbi TEOPHH BEPOSTHOCTER H MATEMATH- 8 6
HECKOR CTRTHCTHKH
Tema 3.1 Beposruocts. Teopema CAOKCHHS BEPOSTHOCTEH 4 2
Tema 3.2 Cayualtuan peaniHua, ¢¢ QyHKUHA PACTIPEAC/ICHHR 2 2
Tema 3.3 MaremaTi4eckoe OKHARHHE H IHCTIEPCHS Cayvak- 2 2
HOH BEAHYMHM
Pasgen 4. OcHoBibIe YHCAEHHBIE METOL! 6 4
Tewa 4.1 UncicHiOE WHTCIpHpOBAHHE 2
Tema 4.2 Hucnennoe andeperunposaine 2 2
Tema 4.3 Uncaennoe pemenne oGMKkHOBEHHBIX Addepen- 2 2
UHATBHBIX YPABHCHIH
Beero no aucuunanne: 40 20
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3aganna 21 —26.

Haltra npon:«nozmuc $yuxumit Npy 3a13HHOM IHAUSKHH ApTYMEHTa.

/=(2)y(-2)

2la) y= x ——,

222) ”1+1o* ¥0)

Boa) y=xinx; ¥y =(1)y(e)

24.3) y=[+1)gx-1); ¥ =(0) y'(\2 )
25.) y=(e-D+2k ¥ = (1) y(2)

3ananns 26 - 30.

6y —2—‘ ¥ =0)¥(2)

6) y I = (2)y(e2)
6)y=-);i" 2ex;y =0}y (-1)
& y=1d-x ¥=0)y)

3
6 y=xle*;¥=0)

HaliTH nIpoM3BOAHBE CHOMKHBIX PYHKUNHA.

2. &) y=+I-%
27. a) y=et”

28. &) y=vZx-sin2x
29. @) y=sin’x’

30. a) y=lnsinx
3ananns 31 - 40,

B CRe/yIOWHX YPaBHERIAX HARTH:

6) y=in (I+cosx)

6) y=2sin5x—cos 2x
6) y=tg(x2+3)

6) y=In tg5x

6 y= tg x - 3tgx +3x

1) obmee pemenne nuddepeHUBAILHLIX YpasHERUT;
2) HaCTHBIE PEWEHNA YPABHEHHA 110 HANATBHBIM YCIOBHAM.

3. xy-y=0

32, w+x=0

3. Ay+y° =0

3. +y=0

EC ] .

36. 2yx=y ,

37. Qx+)dy+yldx=0

yo=4 npu x,=-2
Yo=4 npu x0=—2
Yo=1mpu x,=-1 '
Yo =4 npH xo=—2
yo=4 rpu x,=-2
yo=1npu x,=4

yo=17apu x,=4
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38. (]+¢’)yy'=e’ Yo=1{mpu xp=0

39. 2 ydx=dy yo=1mpn Xg=0 ,
.Y
0. W =37 yo=lupw x; =¢

3ananus 41 - 50,

Haiitu o6uiee pemenne: a) MHEHHMX AudPepeHIMaNbHBX YPaBHEHUH;

6) nHHEAHBIX ONHOPOAHBIX RUGPEPSHUHATLHBIX YPABHEHHH BTOPOTO. NO-
panKa.

41 @) y-y=e° . 6) y'-5y +4y=0

2. a) y=x+y 6) y -6y +9y=0
43 ) iy'+y=e* 6) Y +8y +25y=0
44, a) xy +2y=x° 6) y -3y +2y=0
45. @) y=x+y 6) y ~4y +4y=0
46. a) y'—ﬂ=x 6 y' -2y +2y=0
x

47. a) y'cosx— ysinx=sin2x 6) y' -4y’ +3y=0
48. ) Y - yrgx=crgx 6) y'+y=0

49. ) ' +y=px+l 6) Y +2y +5y=0
50. a) xy'+y=3 6) y'+4y' =0

3aganns 51 - 60.

a) Pasnoxnre B pax Mawiopena i HaiT# HHTEPBANDI CXONHMOCTH (YHK-
wif; 6) HCCNENO0BATH PAN HA CXOMUMOCTD 110 NPH3HaKy JanamGepa.

w1

1. =x2e2x 6 =
1) y=x’¢ ) 2o

= 5

52 @) y=q1+al 6) 2—5
nst

3. @) y=27+x

[\t

!
2

»




image56.jpeg
4. =5t —
54 @) y=sin“x 6) 20
! wn-2
55. @) y=sind 0 X
n=] W
o o I
%8 y=pm o\ L} Zl"—,
1 v 2n=1
7. =
L 2434 9 ,,2;; n!
1 w2n-1
58. =
8§ YsSoz 6) Z,‘I .
9. @ y=sind 0 3272
L n=l W
60. a) y=ln(1+5x) 6) -L
we12n
3anauun 61~ 70.

BeXokecTb CeMAH eCcTh Cirywaiinas enminna. MecaesioBanis BCXOKECTH
CeMsH METONIOM BHIGOPKH TIpeACTaBens Tabnuueh, B koTopoit X fx; X3 X3/
— XapaKTepHCTHKH Caydalino sessmusl, N {n), n; ny — HaCTOTA NOABNEHH

BhiGopk#. [TpoBecT HCCACAOBAHNE BHIGOPKH:

a) Haltti 0GBeM BUGOPKH; 5) COCTABHTE JAKOH PACTIpEAENeHNA cydaituol
BenHuMHE X; B) HAHTH BLIGOPHYIO CPEAHIOD AMCTIEPCHIO M CPEiHee Ksaupa-
THYHOE OTKIOHEHHE.

61 66

X 2 4 9 X 1 3 7
N 10 20 30 N 8 10 6
62 67

X 1 5 8 X 3 8 10
N 16 40 N 20 10 15
63 68

X 4 7 10 X 2 6 7
N 10 5 15 N 8 12 10
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64 69
X 6 10 20 X 1 4 7
N 20 10 30 N 20 15 10
65 70
X 2 4 5 X 1 s 7
N 8 7 6 N 3 8 4

7.

73

74.

75.

76.

7.

78.

3ananus 71 - 80, Pewmts 3812494 TEOPHH BEPOATHOCTEH.

B sumixe 30 s6aok: 10 kpacumix, 15 wearsix u 5 Hespensix. Haynawy ws-
snekaercs #670ko. HaliTi BEpOATHOCTE M3BJNEYEHHS 3PEOro (KpacHoro
M KeAToro) sénoxa.

. BerepunapHbiii y9acTOK NONYHaeT NAKETh C KOHTPONLHBIMH NpoGamu w3

xo3sficte A, B n C. BepoaTHoCTh nonyuenma mnakera M3 Xossfictsa
A - 0,7, u3 xo3siictea B — 0,2. Haift BEpOATHOCTB TOrO, HTO 04epeHOl
naker Gyzer nomyyen u3 xosstcrsa C.

V cOopinka uMeercst 3 KOHYCHBIX ¥ 7 3nIHNTHYECKHX Banukos, COopuk
B3I O/IHH BAJIMK, 2 3aTem BTOpoil. HailTh BeposTHOCTS TOTO, 4TO Nepebifi
¥3 BINTHIX BATHKOB — KOHYCHBiH, @ BTOOH — saHnThvecKif.

W3 cnosa «mienoBoacTBO» BhGHpaeTca Hayran onHa Gyksa. Kakosa sepo-
ATHOCTH TOrO, 4TO 370 GyeT Gyksa «on.

Mmeerca 3 auwixa, conepxaumx no 10 pansonamn. B nepsom Aumxe — 8,
BO BTOpOM — 7, B TpeTheM — 9 cTamnapramix pazsonamn. Haiftw sepost-
HOCTH TOTO, YTO BCC TPH BhIHYTHIE IAMITI OKAXKYTCA CTAaHAAPTHBIMH.

HcenenyloTes iBe rpyniisl OTKOPMOYHOIO NOrONOBbA CBHHEH: niepsas — 10
ronos (13 HHX 8 C BRICOKHMHM NpHBeCaMy), BTopas — 15 ronos (13 mix 12 ¢
BHICOKHMH npuBecams). W3 Kkakuol rpynmsi Hayawy BISTHI 10 OXHOMY
XKHBOTHOMY. HalfTi BepOATHOCTE TOrO, 4T0 062 KHBOTHBIX OKAXKYTCA C Bbi-
COKHMH NPHBECAMH.

Tpn paboTHHKa YHacTBYIOT B CTPHXKKE OBeil. BEPOATHOCTL BHINONHEHHA
paGorst Ges Gpaxa nepeoro paborhuka 0,75, sroporo — 0,8, Tpetsero — 0,9.
Haifrs BEpOATHOCTL TOFO, 4TO BCe TpH paGoTHuKa BhmonusT patoty Ges
Gpaxa. ¥

BepoATHOCTS BHIXONA CTAHKR W3 CTPOA B TEMCHHE OAHOTO pabouero [HA
pasua 0,01. Kakosa BepOATHOCTb TOTO, HTO 32 5 AHelt CTAHOK HH pasy He
BBIIET H3 CTPOS.
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79. Cpenu 50 anextponamn — 4 Gpakosanubix. Kakosa BEPOATHOCTS TOrO, YTO
JlBe BIATBIC HAYTAJL MICKTPONAMITbI OKAKYTCA OPaKkoBaHHLIMH?

80. B pemontHolt mactepckoli 14 ciecapeit u 16 Tokapeit. Hyxuo Beibpats
Meneraumio W3 AByX 4enopek. Kakosa BEpOSTHOCTH TOrO, 9TO BhiGepyT
AByX ToKapei?
3ananun 81 - 90.

OnuiTHBIA YHaCTOK NpEACTaBieH KpHBONMHEHHON TpaneumeH, orpannyes-

HOlt NapaiebHLIMH CTOPOHAMH H BEPXHHM OCHOBAHHEM B BHIE JIOMAHOMN M-~

Huw, Bhipakennol dynxumedt y = f(x), (aSx< b.'f(x)z 0).

OnpeaeTs MIOMAL ONLITHOTO Y4aCTKa criocoGamu:

@) MpHGIINKEHHOTO BHIMHCICHUA (IPAMOYTONIBHHKA, Tpaneunn npu n=10),
6) Tounkix pacyeToB (o popmyne Hetotona-Jlelibunua).

BBIMHCHTS NIOTPELIHOCTH B PactieTax:

a) abcomotnyio,

6) oTHOCHTENBHYIO.

Bapuasr| fx) Crnioco6  Bapwasr| f(x) Cnocob

4 2
81 |7 =[x*dx |Tpanewni| 86 |[= [dx | Tpanewsi
o 1

.l TIpamo- < Tpamo-
£e I= £d‘t\x yronbHHKA 874l £2xdx YTONBHHKA

1
83 | = [d\(I+x) |Tpanewst| 88 |J= [3xdx | Tpanewst
0

1 1
84 |I= ‘{(sz)dx Tpanemwsi | 89 I=£(2+x)dx yg',’!:“":‘n

1
85 |7= [(+x TIpsmo- %0 |7= Zdz Tpsamo-
£ ( )’ix yronbHuKa I X YrONBHHKA
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3ananun 91 -99.

Haifr 3Hauenue ¢yuxu.uu (ueThipe 3HaueHMA), ONpesensemoe Andpepen-
UMATLHAIM YpaBHenHen y’ = £ (x, y) NpH HAuATEHOM ycnoBun y (0), ¢ marom h,
Henonssys Meron Ditnepa.

oL y_§+i y(0)=1: h=01
92. y=x+y; y0)=1: B=0l
03, y=l+x+y; y0)=1: h=01
o4 yY=x+y% y(0)=0: Eo
95. Y=y +2: y(2)=4; k=01
% y'=yitx: y0)=1: it
0. y=y+l; y(0)=1; h=02
9. y'=2+05y; y(0)=1: h=01




image60.jpeg
TIPHJIOXXEHHE

Tabanua pacnpeieieHus KOHTPOJIbLHBIX 3a/IaHNil 10 BAPHAHTAM

H i TMocnennss uudpa undpa

§ o 1 2 3 4 5 6

7

1,30,-| 2,29,- 3,28, | 4,27, | 5,26, | 6,25, | 7,24, | 8,23, | 9,22, | 10,21,
0 |(40,51,]39, 52,138, 53,37, 54, | 36, 55, | 35, 56, | 34, 57, | 33, 58, |32, 59, | 31, 60,
63,81 | 62,82 | 68,83 | 66,84 | 72,85 | 74, 86 | 76, 87 | 78, 88 | 80, 87 | 69, 89

11,24,112,23,113,22,| 14, 21,15, 30, | 16, 29, ( 17, 28, | 18, 27, | 19, 26, | 20, 25,
1 [41,60,]42, 59,143, 58, | 44, 57,145, 51,146, 52, |47, 53, | 48, 54, | 49, 55, | 50, 56,
64,99 [ 61,98 | 67,97 | 65,96 71,95 | 73,94 | 75,93 | 77,92 | 79,91 | 70,90

10,21, 9,22, | 8,23, | 7,24, | 6,25, | 5,26, | 4,27, | 3,28, | 2,29, | 1,30,
2 |31,54,]32,53,33, 51,134, 52, | 35, 60, | 36, 59, | 37, 58, |38, 57, | 39, 56, | 40, 55,
61,81 | 63,82 | 65,83 | 67,84 | 69,85 | 71,86 | 73,88 | 75, 89 | 78,90 | 80,91

11,27,112,26,(13, 25, | 14, 24,115, 21, 16,22, 17,23, | 18, 28, { 19, 29, | 20, 30,
3 |50, 53,49, 55, |48, 60, | 47, 54, |46, 51, 45, 59, | 44, 56, |43, 57, 42, 58, |41, 52,
62,92 | 64,93 | 66,94 | 68,95 | 70,96 | 72,97 | 74,98 | 76,99 | 77,81 | 79, 82

19,30,117,28,)15,26,|13,24,(11,22,] 9,29, | 7,28, | 5,26, | 3,24, | 1,22,
4 [32,51,]34,52,(36, 53, | 38, 54, | 40, 55, | 42, 56, | 44, 57, | 46, 58, | 48, 59, | 50, 60,
61,83 | 62, 84 | 63, 85 | 64, 86 | 65, 87 | 66, 88 | 67, 89 | 68, 90 | 69,91 | 70, 92

20,29,18,27,|16,25,| 14, 23,(12,21,] 10, 30, | 8,27, | 6,25, | 4,23, | 2,21,
5 |31,55,(33, 56,|35, 51,37, 53, 39, 52, | 41, 57, | 43, 58, 45, 59, | 47, 60, 49, 54,
70,81 | 69,82 | 68, 83 | 67,99 | 66, 98 | 65,97 | 64,96 | 63,95 | 62,94 | 61,93

1,30, ) 2,29, | 3,28, | 4,27, 1 5,26, | 6,25, | 7,24, | 8,23, | 9,22, |10,21,
6 |40, 58,39, 56, |38, 54,137, 51,|36, 52, | 35, 56, | 34, 53, | 33, 56, | 32, 57, |31, 60,
71,84 | 72,85 | 73,86 | 74,87 | 75,88 | 76,89 | 77,90 | 78,91 | 79,92 | 80,93

20,27,(19,26,|18,21,17, 22,116, 23, | 15, 24, | 14,25, | 13, 28, | 12, 29, | 11, 30,
7 |41,57,]42, 55,43, 53, | 44, 52, |45, 51, | 46, 60, | 47, 54, | 48, 55, | 49, 58, | 50, 59,
71,94 (72,95 73,96 | 74,97 | 75,98 | 76,99 | 77,81 | 78,82 | 79, 83 | 80, 84

3,21,(1,22,)1 7,23, | 5,24, | 9,25, | 13,26,[11,27,| 15, 28,( 17, 29, | 19, 30,
8 |31,60.(32, 59, |33, 58, | 34, 57, | 35, 56, | 36, 55, | 37, 54, | 38, 53, | 39, 52, | 40, 51,
64,85 | 61, 86 | 68, 87 | 70, 88 | 65, 89 | 80, 90 | 78,91 | 76,92 | 74,93 | 71,94

4,21, (2,22, | 8,23, | 6,24, |10,25,]14,26,(12,27,| 16, 28, 18, 29, (20, 30,
9 |[41,53,]42, 54,143, 55, (44, 52, |45, 51, |46, 58, | 47, 59, | 48, 60, | 49, 57, | 50, 56,
63,95 | 62,96 | 67,97 | 69,98 | 66,99 | 79,81 | 77,82 | 75,83 | 73, 84 | 72, 85
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YYEBHOE 3AAAHMUE

BBE/JIEHUE

CTYeHT NOMAKEH MMETh MPEACTABJIEHNE: O PONH MATEMATHKH MPH H3y-
HeHHH O0MEeNnpOHecCHOHANBHBIX H CIEUHATLHLIX AMCIHIVING H B npodeccio-
HANBHOH ACATENBHOCTH.

Jlureparypa: JI-3, c. 3...13; JI-1, ¢. 5...9.

MeToanueckne yKkasanus

Hayvas TeMy, ceayer yACHHTS POJib, MECTO H 3HAYEHHE MATCMATHKH B
CHCTEMe OOMENpPOPECcCHORANLHLIX H CTICHMANLHEIX JMCUMNANH, Npodec-
CHOHALHOI AGATENBHOCTH, COBDEMEHHOM MHpE.

CnoBo «MaremaTHKa» NPOHCXOMMT OT IPEYecKOTO COBA «MaTEMay,
4TO 03HaYaeT 3Hanue. Bo3uHKNA MATEMATHKA HA MEPBLIX TANAX CO3INARMA
HEN0BEUECKON KyabTyphl. 3a CBOIO HCTOPHIO MATEeMAaTHKA, KOTOPAs pa3sHBa-
NICH B TECHOH CBA3M C PA3BHTHEM NPOMIBOACTBERHOMN AeATenbHOCTH mozeit
H 00uIeden0BeecKoll Ky ATYPH, NPEBPATHAACH B CTPOHHYIO NEAYKTHBHYIO
HAYKY.




